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Krylov subspace method

Exercice 1: 1D projection process

For .%., 6. k-dimensional subspaces of C", we recall that a projection process is defined by

O S N (O
r) =p— Az® | G

We will consider in this exercise, 1D projection processes, i.e. kK = 1 and .4 = Span(v)
and %, = Span(w), for some vectors v, w € C".

1. For A € R™"™ symmetric and positive-definite, show that the projection process defined
with v = w = r® = b— Az is equivalent to one step of the steepest gradient descent.

2. Let A € R™" be such that A + AT is positive-definite.

(a) Let A = S[()a)m(r(o)) and ¢, = Span(Ar(®). Show that 2™ = 2 4 ar® with
4,0
A = ook -
(A A ()

(b) Consider the sequence defined by for all £ > 0

r) =1 — Az®
(r®) Ar®)
(Ar(®) | Ark))

A =

P9 Ar(R))2
(c) Show that ||r#+D]|2 < [|r®)]|2 — W'

(d) Deduce that [[r++D]| < (1 — ﬁ)uzﬂr(mﬂ where A is the smallest eigenvalue of
T(A+ AT



Exercise 2: a Krylov method is better than a stationary
method

Let A € CN*Y be invertible and A = M — N a splitting of the matrix such that M is
invertible.

In this exercise, we want to compare the resolution of a linear system by the stationary
iterative method

{ngfail) — N stat + b k 2 O (1)

xé?;t € CNa
with the Krylov method for the preconditioned system
M™'Az, = M~'b. (2)

The Krylov iterates (a:l({lj;), initialised for some xl((?; are defined as

| M~ — M_lel({I;}),H = min | M~ — M~ Az, (3)

zeaf)) +KL (M A )

where r®) = M—1p — M1 A2

kry kry"

1. Show that atl(j; = xf{?y + P(M~ A)rkr where P is a polynomial of degree k — 1.

2. Deduce that r(k)

ey = (M _1A)rl(§i where ¢ is a degree k polynomial such that ¢(0) =

3. For the stationary iterative method, let 7¥), = M—1p — M~1A4z¥) . Show that r), =
(id =ML AYkr(),

4. Show that if z\), = 5”1(<r) then HrkryH < |78 || for all k> 1.

sta

Exercise 3: another proof of CG convergence rate

Let A be a HPD matrix with eigenvalues 0 < A; < Ay < --- < )\, and associated
eigenvectors yi,...,y, such that A = YAY* with Y = [y1,..., 4], Y'Y = id and
A =diag(Ay, ..., A\n).

Let z, € C" be the solution to Az, = b. For o € C", let ({j)1<j<n be the coefficients
of

— Ty = Z ij] (4)
Let xg be defined by
— Ty = Z ijm (5>
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i.e. removing the contributions of the largest eigenvalues.
The goal of this exercise is to compare the CG iterates (x)) and (7)) starting respectively
from xg and zy. We are going to show that for all £ > /¢

|22 = Tilla < lloe — @plla < Jlwe — Tp—el]a- (6)

1. Show that for any polynomial ¢ and vector v = Z?:l n;Y;, we have
lo(A)olh =D Asle(h)msl*
j=1

2. Let ¢{¢ (resp. gZSG) be the CG iteration polynomial associated to zg (resp. o).
Deduce that

165 (A) (@, = Fo)lla < 6£°(A) (@, —ao)]la,

and
2 — Zilla < [J2e — 28| 4

3. Prove that for k > ¢, ||z, — zgl|a < ||ze — T—s]| -

Hint: recall that ||z, — z = min Az, — )
I klla ¢€C,€[X},¢(O)Zl||¢( ) o)l

4. Let Ky = ’\’/(—1*‘ Show that

~ Kg — 1\ k=t ~
oo = Fedla < 2(YEg) s~ Folla
and deduce ST — Ty ke
Ry — -
Iz —willa <2( =) Ml —zolla

Exercise 4: MINRES algorithm

The MINRES algorithm is deduced from GMRES by considering an invertible Hermitian
matrix A.

1. Suppose that A has eigenvalues \; < -+ < A\, <0< Ag4q1 <--- < \,. Show that

@R < i x |p(\) ||| @
r min ma. i) |7 .
| I'< ¢6C2k[X},¢(O):11§i§n| Qolllrl

2. Deduce that
(M7

||7”(2k) | < min max
HEC2k[X],6(0)=1 AE[A1,As]U[As11,An]
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3. Suppose that A, + \; — A\g — Ag11 = 0. Let ¢(z) = 1+ 2% Prove that
q([A1, As] U [Asi1, An]) = [—1, 1] and deduce that

i 6] < =
min max —_—,
$EC2#[X],6(0)=1 A€[A1,As]UPs11,An] ~ Tk (q(0))]

where T}, is the k-th Chebyshev polynomial.

1 VX An /1A s g1 \/lAl/\nH\/I)\s)\sHl) .
4. Show that ¢(0) = 2(\/)\1>\n|+\/|/\SAS+1 + oo o] and deduce that the con
vergence rate of the MINRES algorithm is bounded by

o)) < p( L2l = VI o
VIMA]+ VXA

Hint: you can use without proof that for all z # 0, Ty (5(z + 1)) = 3 (2% + ).

5. Suppose from now on that A\, = —A; and A\;;; = —A;1;. Denote by x the 2-norm
conditioning number of A. Show that

K —1\k
Ir®) < 2(5) I

6. Equivalently, it is possible to solve A*Ax = A*b if we know A* (or the matrix-vector

product with A*). Give the rate of convergence of the conjugate-gradient method in
that case, and compare to the rate obtained in the previous question.

Exercise 5: a GMRES example

Let A € R™ "™ be defined by

1 -1 0 0
0 1 -1
A= 0 (7)
o001 -1
0 0 0 0 1

1. Show that for every 1 < k < n, there exists ) € R™ such that GMRES stops in
exactly k steps.
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Exercise 6: stagnation of GMRES algorithm

The goal of this exercise is to show that for any prescribed eigenvalues A{,..., A\, € C,
there exist a matrix A € C"™" with eigenvalues ();) and a starting vector z(®) such that
the residuals r®) of the GMRES algorithm stagnates for 0 < k < n—1, i.e. ||r®| = ||r©||

forany 0 <k <n-—1.
Let C € C™" be given by

0 ... 0 (%))
oo L ®)
0 QOp—2
1 Qn—1

1. Show that the characteristic polynomial of C' is given by x(\) = det(Aid — C) =
n n—1 i
A — ijo Oéj)\J.
2. Explain how to set (o) so that C' has eigenvalues (\;)1<j<p.

3. Let (ex)o<k<n—1 be the canonical vectors of C". Show that for 1 <k <n—2, (eq,...,ex)
is an orthonormal basis of CK(C, ey) = Span(Cegy, C?ey, ..., C*e).

4. Let b € C". Assume that the GMRES algorithm is applied to Cz, = b with z(® =
C~'(b—eg). Show that r®) = ¢y forall 0 < k <n — 1.

Exercise 7: quasi-minimal residual method

Let A€ C™, 20 be C"and r® =b — Az,
Let Vi = [vl, .. ,vk“} be a basis of the Krylov space Ky11(A, 7’(0)) such that

AV = Vi1 Ta,

where Tj,41 € C*+D*F is g tridiagonal matrix.

Such Vj41 and Tj41 can be constructed (under some assumption), using the nonhermi-
tian Lanczos algorithm. Note that since Ty, is tridiagonal, in general, Vi, does not have
orthogonal columns.

We consider the following algorithm

g* ) = 2O L Vi1, where t), = argmin || |79 ||le; — Thart]|.

teCk
This iteration scheme is called the quasi-minimal residual (QMR) method.

1. What is the advantage of the QMR method compared to GMRES? What can we say
about QMR and GMRES in the case where V},; has orthonormal columns?
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. Show that [|[r&™| < gumax (Vi )[[[|7@|ler — Tipatrll, Where opmax(Vis1) is the smallest
singular value of V.

Hint: one can first prove that ||Vi1t]] < omax(Vis1)||t]] for all ¢ € CF.

. Show that the GMRES residual rf™MRES can be written as rfMBES = Vi (Jlr© e, —
Tk+1fk) for some #;, € CF.

. Deduce that [|[rEMRES|| > oo (Vi)™ ), where opin(Vig1) is the smallest singular
value of V1.

. Show that ||7“,? | < ﬁm”TSMRES“.

Page 6



