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Introduction

These notes present the classical numerical methods to solve linear systems, by direct (Chap-
ter 2) and iterative methods (Chapters 3 and 4). A chapter is also devoted to a short intro-
duction on eigenvalue problems (Chapter 5).

The focus in this course, is on the well-posedness, in the mathematical sense, of the
algorithms and the convergence theory of the iterative methods. A classical and exhaustive
text on numerical linear algebra is the book by G. Golub and C. Van Loan |[GL13].

The present notes are of course inspired by other texts. Chapter 2 and Chapter 3 come
from earlier notes by Xavier Claeys. The presentation of the Krylov subspace methods is
heavily influenced by the book by J. Liesen and Z. Strakos [LS12|. Finally the presentation
of the eigenvalue problems has been inspired by the classical text by Y. Saad [Saall].

Although the notion of conditioning is present in these notes, preconditioning is not cov-
ered. The stability of algorithms which is crucial in the implementation of the methods is also
absent. A good reference on that topic is the book by N. Higham [Hig02].

The interested reader that would like to dig deeper into the iterative methods for linear
systems can also look into the other classical book by Y. Saad [Saa03|. Finally, let us mention
the recent and compact monograph [CG22|, where the basic methods for linear systems are
covered as well as hindsight on modern methods, that are not covered in this course, like
preconditioning or multigrid methods.
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Chapter 1

Reminders on matrix analysis

In this chapter, we will review basic notions of matrix analysis. For a more advanced discus-
sions, see the book by Horn and Johnson [HJ13]. The singular value decomposition will also
be presented, especially its relationship with the best low-rank approximation.

1.1 Vector and matrix norms

Given an integer n > 0, we recall that a norm over C" is an application | - ||, : C* — R4
satisfying: for all v,w € C" and all A € C

o |y =0= v=0
o [lv+wlle < lvfls + [Jwll

o Mol = [A[lvll

Let us mention three classical norms. Given a vector u = (Uj)?zl € C", we define

el == 35 luy]
lull2 = (25 u )2
[ulloo := supj—1. 5 ujl

It can be easily verified that each of these three applications is indeed a norm. Besides, let
us point that || - |2 is the norm naturally attached to the scalar product! (u,v) + @’ v = u*v
over C™. As such the 2-norm is invariant under unitary transformations U € C"*™: i.e.
|Uv]3 = (Uv)*Uv = v*U*Uv = v*v = ||v]|3.

Let us recall that these norms are equivalent as C™ is a finite dimensional space: we have
lulli < vnllullz < nllu)loco < nljuljr for all u € C™.

The choice of a vector norm || - || over C" induces a norm over matrices C"*" defined by

Aull.
|All« := sup [Aul for A € C™*". (1.1)
uecn\{oy llull«

Note that as opposed to the usual mathematical convention, here it is the physicists’ convention that is
chosen, where the left argument is complex-conjugated

7



8 CHAPTER 1. REMINDERS ON MATRIX ANALYSIS

A norm over C™*" taking the form above is said to be induced?. Induced norms possess the
following elementary property.

Lemma 1.1. If || ||« is an induced norm over C™*™ then | AF||. < ||A||¥ for all A € C™ k >
0.

In the following, in an abuse of notation, we will denote || - ||; the matrix norm induced by
|| - |l1. Similarly we will denote || - ||2 and || - ||oo, the matrix norms induced by the vector
norms || - |2 and || + ||co-

Remark 1.2. There exist matriz norms that are not induced. Let A = (ajj) € C**", let
tr(A) == Y0, a;; refer to its trace. In addition, we shall denote A* := (AT its adjoint i.e.
its hermitian transpose. Then the application (A, B) — tr(B*A) provides a scalar product over
C™ ™. The norm associated to this scalar product, called the Frobenius norm

IAllR == Vor(A*A) =D > " llajl?
j=1 k=1

is not induced. Indeed if it was, one would necessarily have ||id ||« = 1. However in the case
of the Frobenius norm, a direct calculation shows that ||id ||p = /1.

Some matrix norms have an explicit formula.

Proposition 1.3. For any matriz A = (a; ) € C"*", we have
n
IAllL = sup- Z |kl

[Alloe = SUP Z‘ajk‘

Jj=

Proof. We start by proving the identity for ||A|;. Given a vector u = (ug)p_, € C"\ {0},
applying a simple triangular inequality yields

n n n n
[Aul =7 |37 ajua] < 30 lagul fue

J=1 k=1 =1 k=1
n n n

<Ykl (D lagel ) < llull sup > fajl
=1 j= k=1..n j=1

Since this holds for all w € C™ \ {0}, dividing the last inequality by ||u|; and taking the
supremum with respect to u, we obtain that [[All1 < supy_y_, > i_; |ajx|. To conclude we
can construct a u, € C" such that [|Aw|1/[[u.| = supp_y. ., > 7 lajkl- Pick ke € {1...n}
such that sup;_; ,, > " = > iy lajk,|. It suffices then to define u, = (ux) by ug, = 0
it k # k. and ug, = 1.

Let us now examine the case of ||Al|s. Similarly to what precedes, for an arbitrary u € C"

zajkuku < s Zw ol

2Tt is also common to call induced norms, subordinated norms or operator norms

we have

[Aulloo = s




1.1. VECTOR AND MATRIX NORMS 9

Again dividing by ||u||~ and taking the supremum of the left hand side with respect to u, we
obtain [|Alle <sup;_y_,, > j_;lajl- Let us prove that this upper bound is reached. Choose
jx such that Y70 aj, k| = sup;—y , > p_y lajx|. We can take u, = (uy) € C" with entries
given by ui, = @j, 1/|aj, x|, and we then obtain ||Aul/s/| |l = SUpj_1 Y oreq lajkl- O

1.1.1 Eigenvalues, eigenvectors, spectral radius

The set of eigenvalues is a fundamental concept for a square matrix

Definition 1.4. Let A € C"*". If A € C and x € C™ a nonzero vector satisfy the equation
Ax = Az,

then X is called an eigenvalue of A and x is called an eigenvector of A associated with the
eigenvalue \.

The eigenvalues of a matrix are thus associated to the roots of its characteristic polynomial
p(X) = det(X id —A).

We say that a matrix A is diagonalisable if there is an invertible matrix P € C"*™ and
a diagonal matrix D € C™ " such that A = PDP~!. By the fundamental theorem of alge-
bra, the characteristic polynomial can be factorised in C, thus any matrix has at least one
eigenvalue. A matrix may not be diagonalisable, although its characteristic polynomial can
be factorised. A typical example is the following nilpotent matrix N = (n;j)1<; j<n Where
nii+1 = 1 and the other entries are equal to 0. Its characteristic polynomial is X", thus 0
is an eigenvalue. However, there is only one eigenvector associated to 0, which is the first
canonical vector e; = [1,0,...,0]T.

Remark 1.5 (Geometric and algebraic multiplicities). An eigenvalue X of a matriz A can be
associated to multiple eigenvectors. We call the geometric multiplicity the dimension of the
space associated to Ker(Aid —A), also called the eigenspace associated to .

Since X is also the root of the characteristic polynomial, another notion of multiplicity can
be defined. We call the algebraic multiplicity the multiplicity of A as a root of the characteristic
polynomial of A.

The algebraic multiplicity is always larger than the geometric multiplicity. Indeed, since
the characteristic polynomial is invariant under similarity transform, i.e. transformation of
a matriz A into P~YAP for invertible matrices P, then by choosing P to be eigenvectors of
A and completing the basis if needed, one can quickly check that the algebraic multiplicity is
always at least as large as the geometric multiplicity. The example of the nilpotent matriz
exhibited earlier shows that these two notions can differ for a given matriz. The relationship
of between both have been exhaustively studied from the early days of linear algebra, and the
reader is referred to [HJ13, Chapter 1] for a more thorough exposition.

Definition 1.6. The spectrum of A € C"*™ is the set of all X € C that are eigenvalues of A.
We denote this set by o(A).

The largest eigenvalue plays an important role in the convergence of the stationary iterative
methods that will be covered in Chapter 3.

Definition 1.7 (Spectral radius). For A € C"*", the spectral radius of A, denoted o(A) is
defined by o(A) = sup{|\|, A € 0(A)}, where o(A) is the set of eigenvalues of A.
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Remark 1.8. Note that the spectral radius is not a matriz norm. Indeed the nilpotent matrix
N = (Njj) such that n;; = 0 for i > j has eigenvalues 0 but the matriz is nonzero whenever
nij # 0 for some i < j.

For any induced matriz norm || ||« over C"*™ we have o(A) < ||Allx, for any A € C"*™.
The converse cannot be true, however for any matric A € C™*", for any € > 0, there is a
vector norm || - ||« such that the corresponding matriz norm satisfies | A|lx < o(A) 4+ & (see
Proposition 3.2).

For hermitian matrices, i.e. for matrices A such that A = A*, their eigenvalues have an
additional variational characterisation, known as the Courant-Fischer principle (see Proposi-
tion 1.12).

1.2 Condition number

Although to any norm is attached a condition number, most of the time one considers the
so-called “quadratic” condition number attached to the norm || - ||2. For a matrix A € C"*",
it is defined by

conds(A) := [[Al|a A~ (1.

This quantity is only meaningful for an invertible matrix i.e. whose kernel is trivial Ker(A) =
{0}. The condition number is systematically greater than 1. Indeed 1 = ||id ||z = [|A-A~Y||s <
|All2]][A=Y|2 = conda(A).

[N}
~—

The next proposition shows that the condition number quantifies the sensibility of a linear
system with respect to perturbations.

Theorem 1.9. Consider A € C™*™ invertible and b,6b € C™ with b # 0. Let x,dx € C™ refer
to vectors such that Ax = b and A(x + dx) = b+ 0b. Then we have

1622 962

lzlla — P
Proof. We have A(z + 6z) = Az + Adz = b+ 6b hence Adz = db and thus dz = A~15b.We
then deduce ||b]|2 < ||Al|2]|z]|2 on the one hand, and ||0z||2 < [|A~}||2]|6b||2 on the other hand.

Multiplying the last two inequalities, and dividing by ||z||2||b||2, we finally obtain the required
inequality. O

onda(A)

1.3 Matrix factorisations

We will review here important matrix factorisations.

1.3.1 Schur decomposition

Proposition 1.10. For any square matriz A € C™*", there exists a unitary matriz Q € C**™
such that Q*AQ is upper triangular. Moreover the diagonal elements of Q*AQ are eigenvalues

of A.

In other words, any matrix in C™*™ is unitarily equivalent to a triangular matrix. Con-
ceptually, this factorisation theorem is a consequence of the fundamental theorem in algebra,
which asserts that any polynomial in C[X] can be factorised.
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Proof. Let A € C"™™ be a square matrix.

Assuming that there exists a unitary matrix ) such that T'= Q*AQ is upper triangular,
since A and T share the same characteristic polynomial, the diagonal elements of T" are the
eigenvalues of A.

We now prove by induction over the dimension n that there is a unitary matrix ) such
that Q*AQ is upper triangular. It trivially holds for n = 1. Suppose that the result holds
for n — 1 and let us prove that it still holds for n. There exists A € C and ¢; € C", with
llg1]]2 = 1 such that Agq; = Aq;. We can find linearly independent vectors g, . .., g, such that
(q1,--.,qn) forms an orthonormal basis of C". For each k = 2...n, there are coefficients oy
and B € C, j = 2...n such that

n
Aq, = apq1 + Zﬁj,k% k=2...n (1.3)
j=2

Note B = (Bj;) € Cr=1x(n=1) Jefined by the coefficients Bjr = Bj+1,k+1, as well as the
vector a := (g, ...,a,)T € C"L. Let us also define Q := [q1, ..., qn] the matrix associated
to basis we have just defined. Writing the matrix representation of (1.3) then leads to

A O‘T] . (1.4)

Q°AQ = {0 B

By the induction hypothesis, there exists Qg € C"~D*(=1) invertible such that Tp :=

QpBQp € Cc(r=1x(n=1) is ypper triangular. Setting @B = [1 ] € C™*™ we then obtain

@B
@araaas= o |l 51 ol =" 2]

Note that QVQV B is unitary. As the matrix on the right hand side above is upper triangular, it
concludes the induction, and hence the proof. O

The Schur decomposition is a versatile tool in linear algebra as it applies to any matrix in
C?’LXTL.

1.3.2 Eigenvalue decomposition

Theorem 1.11 (Eigenvalue decomposition). Let A be a hermitian matriz. Then there exist
a unitary matriz Q and a diagonal matriz A with real entries such that A = QAQ*.

Any hermitian matrix is unitarily equivalent to a diagonal matrix with real entries.

Proof. Let Q,T € C™*" be a Schur decomposition of A, i.e. such that ) is unitary, T is upper
triangular and A = QT'Q*. Then since A is hermitian, A = A* thus QTQ* = QT*Q*, hence
T =T*. Since T is upper triangular, that means that 7" is diagonal. We simply have to prove
that the diagonal elements of T' = diag(ti1,...,tn,) are real. Let Q = [ql, e ,qn}. Then
Aq, = QrTer = tgrqr thus g is an eigenvector of A with eigenvalue tgx. Now (qx, Aqx) = tik
and (qr, Aqr) = (A*qk, qk) = (Adqk, qk) = (qr, Aqr)™, thus ty is real. O
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From the eigenvalue decomposition, by unitary invariance of the 2-norm, we have that

* * n ]2
I0AG'sky _,, IAQ°sle _ ,, (T e

A2: QAQ*2:SUP n
14l = QA" S

B = < [Amax]|
zeCn H13||2 zeCn ”Q*$||2 2eCn ) max |5

where Amax is the largest eigenvalue of A in absolute value.
This means that the condition number of a hermitian matrix A is given by

)\m X
condz(A) = "/\ a "

where Apax, respectively Amin, is the largest eigenvalue, respectively the smallest eigenvalue,
in absolute value of A.

Proposition 1.12 (Courant-Fischer principle). Let A € C™*™ be a hermitian matriz. Let
AL < - < Ay be its eigenvalues. Then for each 1 < k < n, we have

) ¥ Az . xFAzx
SCCh aesago [z]Z . SO zeSaro 2|3
dim =k " 2 dim S=n+1-k 2

Ap =

Proof. Let (g;)i1<j<n be the eigenvectors associated to (Aj)i<j<n. Let 1 < k < nand S C
C™ be a subspace of dimension k. Since dim Span(gg,...,q,) = n — k + 1, by dimension
counting, we have that S N Span(gg,...,¢,) is a subspace of dimension at least 1. Let x €
S N Span(gg, .. .,qn), * # 0. Then

y' Ay 2t Ax L Ailal?

sup > > 2 Ak-
ves Iyl — Nzl = 3ojplzsl
Thus we have
) *Ax
inf sup > Mg
goCLr | TS .2 #0 112
Taking S, = Span(qi, ..., qx), we have that sup,cg, % = A, thus the infinimum and the
2
supremum are attained and
x*Ax

Ay = min  max ——-o.
ScCr zeSa#0 ||x||5
dim S=k

For the second equality, the previous result is applied to the matrix — A, noticing that — Ay is
the n — k + 1 smallest eigenvalue of —A:

. x*Ax
—Ap = min max —-——-—
. ScCr  weSz#0  ||z||5
dim S=n—k+1
. . x*Ax
= min (— min 72)
. Scen zeSa#0 ||z|3
dim S=n—k+1

z*Ax

max min ——--,

. ScCh  zeSa#0 ||z||5
dim S=n—k+1

thus the result. O
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For the smallest eigenvalue, this criterion simplifies to

z*Ax

A= min -—-
! zeC™ x#0 ||.17||%’

and likewise for the largest eigenvalue

¥ Ax

== max T
zeC™ z#0 ||£L'||2

1.3.3 Singular value decomposition

Theorem 1.13 (Singular value decomposition). Let A € C™*™. Then there exist two unitary
matrices U € C™*™ V € C"*™ and a diagonal matriz ¥ = Diag(oy,...,0,,0,...,0) € C™*"
with o1 > --- > 0, > 0 such that A =UXV™.

The positive scalars (0;)1<i<, are called the singular values of A. The vectors (u;)1<i<m,
resp. (vi)i1<i<n are called the left singular vectors, resp. the right singular vectors.

Any matrix, not necessarily square, has a singular value decomposition (SVD). The SVD
is thus a powerful tool to analyse the properties of a matrix.

The SVD of A can be derived from the eigenvalue decomposition of the matrices AA* and
AA*. Indeed, if A = UXV™* is the SVD of A, then A* = VXU* so using that U and V are

unitary matrices, we have

2 2
07 07

AA*=UEEU" =U o U*, A"A=VYX3v =V o2

SN

The singular values of A are simply the eigenvalues of the matrices AA* and A*A and the
unitary matrices U and V' the corresponding orthonormal eigenvectors.

Using the relationship between the singular values of A and the eigenvalues of A*A, we
can give a variational characterisation of the singular values.

Proposition 1.14. Let A € C"*™ and o1 > -+ > o, > 0 its singular values. Then for each
1<k <r, we have

(1.5)

Proof. This directly follows from the Courant-Fischer principle (Proposition 1.12). Noticing
that the eigenvalues and the singular values are labelled in an opposite order, and that a,% is
an eigenvalue of A*A, we have that

9 e min ¥ A* Az .|| Ax|?
Ok = X a2 n 2
JSCCt weSao IE4IE; SCC weS a0 |z]|5
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Remark 1.15. From the proposition above, we deduce that the largest singular value o1 of a
matriz A is equal to the induced 2-norm of the matriz A.

The SVD enables to write any matrix as a sum of rank 1 matrices.

Proposition 1.16. Let A € C"™*". There are orthonormal vectors (u;)1<i<r € C™, (vj)i<j<r €
C" and (0i)1<i<r € (0,00) such that

-

*

A= E U] .
i=1

The number of singular values hence gives the rank of the matrix.

Proof. Tt is a consequence of the SVD. Let (U, ¥, V') be an SVD of A, with ¥ = Diag(o1,...,0,,0,...
C™*" with o9y > -+ > 0, > 0. Decompose U and V as

U=[UTl, V=[V V]

where U,. € C™*", (7} e Cmx(m=r) e C" " and 17} e C*(n=r) Let Y, = Diag(o1,...,0.) €
C™", Then we have

* r7 ET 0 ‘/7'* _ *
A=UxV* = [U, U,] [o 0] [‘7] =U, %,V
The proof follows by taking [ul, ... ,ur} = U, and [vl, ... ,vr] =V, [l

Remark 1.17. The SVD contains redundant information on the entries in the matrix, hence it
is often enough to consider the thin SVD (U,, X,, V;.) such that U, € C"™*" %, = Diag(o1,...,0.) €
C*r oy >-->0,>0,V, e C"" and A =U,%, V).

From the SVD, it is possible to read the information on the range and the kernel of the
matrix.
Proposition 1.18. Let (U,%,V) be a SVD of A, where ¥ = Diag(o1,...,0,0,...,0) € C"™*"
with o1 > --- > o, > 0. Let [ul,...,um] = U and [Ul,...,vn] = V. Then Ker(A) =
Span(vy41, .. .,v,) and Ran(A) = Span(ug, ..., u,).
Proof. From Proposition 1.16, we directly have that Ran(A) = Span(ui,...,u,). Since
(ui)1<i<r is a free family, we have that Af = 0 if and only if (f,vg) =0forall r+1 <k <n,
thus f € Span(vy41,...,0,). O

Finally, an important property of the SVD is its relationship to the best low-rank approx-
imation of a matrix.

Theorem 1.19 (Best low-rank approximation of a matrix). Let A € C™*" be a matriz and
(U, 2,V*) an SVD of A. The best rank-t of A in the induced 2-norm is given by

A = UsSi Vi =Y opugoy, (1.6)
k=1

where Uy = [ul, e ,u,:] € C™*7 ;= Diag(o1,...,07) € C™*7 and V; = [vl, e ,v,:] e CnxT
are the respective truncations of U, 3 and V. The error is given by
min [ A= Allz = A - Aslls = 071 (1.7)
Rank A=7

The best approrimation is unique if o > Os41.
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Proof. 1t is straightforward to check that ||A — Az|2 = H D st sjujv;-‘HQ = 0741. Moreover

for a rank-7 matrix Z,—:, by definition, there is a normalised vector = € Span(vy, ..., vi4+1) such
that Azx = 0. Thus

1A = Azll2 = [|(A = Ap)allz > [|Az]l2 2 o741
O

Remark 1.20. We also have the same result in the Frobenius norm, where the best rank-t
approzimation is given by (1.6). The error is however different, in that case we have that

min JA—Alr = [A- Allr= [ 3 o2 (1.8)
Rank A= §>7+1

If the singular values of a given matrix decay “fast”, a good approximation of the matrix
can be obtained by truncating its SVD to small . This means that an accurate representation
of the matrix A can be obtained by storing the vectors (u;)1<i<# € C™, (v;)1<i<i € C™ and the
scalars (0;)1<i<7. This requires a storage of (m + n + 1)7 numbers which can be considerably
smaller than mn if 7 < m,n.

The SVD is a tool that is widely used in reduced modelling or in statistics, where it is
known as the principal component analysis.

3where the notion of fast decay depends on the application
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Chapter 2

Direct linear solvers

2.1 Introduction

A linear system is a collection of m linear equations involving n unknowns, with n,m € N,
taking the form

n
Zaﬁkxk:bj ijl...m. (2.1)
k=1

In these equations x = (x)}_; is the unknown vector, the a; are the entries (or coefficients)
of the matrix of the linear system, and b = (bj)gnzl is the right hand side. In what follows the
matrix of the linear system will be denoted by A = (a; ), so that this linear system rewrites
as

Az =0. (2.2)

In this course we will only consider invertible linear systems, which correspond to the situations
where the matrix A admits an inverse denoted by A~!. According to the rank-nullity theorem,
a consequence of this assumption is that linear systems are square m = n so that the matrix
A shall admit as many rows as columns.

Effective solution methods for problems of the form (2.1) are called linear solvers. There exists
essentially two families of linear solvers

e Direct solvers where the solution z is computed in a finite (but potentially large)
number of operations.

e Iterative solvers where the linear system is reformulated as a fixed point problem

x = ®(x). The solution x is then approximated by means of an algorithm of the form
@) = o (@),

In this chapter we will focus on direct solvers. Iterative solvers are the subject of subsequent
chapters of this course.

17



18 CHAPTER 2. DIRECT LINEAR SOLVERS

2.2 Triangular systems

First let us consider the case of a lower triangular linear system, i.e. when a;j = 0 for j < k.
In this case the matrix A admits the form

a171 0 0
az1 a2
A — ) ’
: * 0
Gp1 Aan2 an.n

The algorithm to solve the problem Ax = b, called the forward substitution method, is quite
natural. One first observes that the j-th row (j-th equation) can be re-written

b - Z 7 kxk (2.3)

a] 7]

From this identity, the value of z; is deduced from the values of x;_1,2;_2,...21. One thus
starts with the first row that writes 1 = by /a1,1, then z9, 23, ...z, are successively obtained
by means of the reccurence relations (2.3).

Case of an upper triangular system In the case of an upper triangular system, that is
when a;, = 0 for j > k, the solution principle is the same. This time the method is called
backward substitution method. The procedure starts from the last row, then the following
formula is applied

T = Z a;, kxk (2.4)

a;
“ k=j+1

Algorithmic complexity Let us examine the number of operations required for the for-
ward substitution method with respect to n, when solving a lower triangular system. If we
do not make any particular assumption on the matrix A, the solution procedure that we have
just discussed requires

e n divisions,
e 1 — 1 substrations,
o« >, Zl 11=3",(i — 1) = n(n — 1)/2 multiplications,
o Y > Ti =311 ,(i —2) = (n—1)(n — 2)/2 additions.
This leads to a total cost of n+ (n — 1) + n(n —1)/2 + (n — 1)(n — 2)/2 = n? elementary

operations (“floating point operation” = flop). The algorithm that we have just described is
thus said to admit an algorithmic complexity of O(n?).

If we assume that the matrix A admits only O(1) nonzero term in each row (for example if it
has a band structure with a band of fixed width), then the solution to this triangular system
only costs O(n), which is the cost of a matrix-vector product.
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2.3 Gaussian elimination

We come back to the case of an arbitrary linear system. The gaussian elimination method
consists in reducing the initial linear system to an equivalent upper triangular system (obvi-
ously, with right hand side modified accordingly). In the sequel ej,j = 1...n shall refer to
the canonical basis of C™*".

We know that Az = b <= LMAz = £LWp if the matrix L) € C™ " is invertible. The
matrix of the transformed linear system takes the form A®) .= (A = (agl,z )jk=1..n € C™*",

and b1 := £Wp. Let us choose L) so as to make sure that agll) =0forj=2,...nie. so
that A®) takes the (block lower triangular) form

(1)

apq * oo K
A0 | O
0 = *

It suffices to choose
L0 :=id—¢y -e]

where EI = (0,a21/a11,...,an1/a1,1).

Note that £; - e{ is indeed a rank 1 matrix of size n x n not to be confused with e{ - ¢; (which
is a simple scalar value). Besides we have eir .01 = 0. Let us verify that £() is invertible. We
have (id —f; - e ) - (id+41 - e] ) = id —(f1 - ] )? = id —€1 - (¢] - £1) - e/ = id. We have just
proved that

(LN =id 44y - e .

Note that elT AWM = elT - A. To conclude, note the particular role played by the coefficient
a1,1 in this procedure. This coefficient is called first pivot. For the matrix LM to be properly
defined, this pivot needs to be non-zero.

Second iteration We can reiterate the procedure that we have just described. Indeed we
have Az = b «—= LAOAW g = £@pM) provided that £2) is invertible. Set A® =
LOAD = (E(Q) -ﬁ(l)) A = (af,g)ﬁk:lmn and b®? = £@p1) We will choose L3 so as to
make sure that A(®) takes the form

(2)
A® = { Uz } where Uy = 11 2(2)
0 = 0 as)

Here the matrix Us is of size 2 x 2. To obtain the form above, it suffices then to define £(2
as a lower triangular matrix given by

L2 :=id—ly-e]
avec 6; = (0,0, ag%/ag%, . ,aﬁi%/agg).

Again the matrix £?) is properly defined provided that the second pivot verifies agg # 0 and,

in this case, £?) is invertible with inverse given by (£®))~! = id+/5 - e]. Then we have

e] A =] A = ¢T A (in particular afi = aﬁ =ay1), and ej A =] A(D,
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General iteration We can generalize the procedure above up to any order. Assume that
A®=Y has been defined for p = 2...n, and that it is upper triangular on its p— 1 first columns
i.e. it admits the following form

where Up,_; is an upper triangular matrix of size (p — 1) x (p —1). We then define AP =
L£P AP = (ai.p,z)j,kzlmn and b®) = £Pp—1) where £LP) € C™™ is a lower triangular
matrix given by the formula

LP) :=id 4, - eT

1) 1 1)
avec ) = (0,. O,Clpim/ap{)p L agzpp /%,p )

(2.5)

A matrix of the form (2.5) is called a Gauss transformation. In the definition of Ep, the first p
coeflicients are zero, which writes e;—-ﬁp =0Vj =1...p. Thisimplies eTE(p) = e ,Vi=1.

This construction of A®) hence guarantees that e]TA(p) = e;r/l(p)A(p D = e]TA(p 1 for all
j =1...p and, reccursively, we deduce that

ejTA(p) = ejTA(j*l) Vi=1...p

setting A .= A. Here again, the matrix £() is properly defined only if the p-th pivot satisfies
ap,p 75 0, and its inverse is given by (£LP)~! = id +4, - e; . To conclude, the construction
above garantees that A®) admits the form

(r) — Up =
=[]

where U, is an upper triangular matrix of size p x p. From what precedes, we see that the first

p rows and columns remain unchanged when transforming the system from A®~1 to A®),

(p) (p—1)

We obtain the following formulas expressing a; with respect to a ik

ag.f)]z:afk_l) for1<j<porl<k<p
a§{”,3:0 ifp<j<nandk=p (2.6)
a% = afk_l) —a, (p 1)/a(p b ifp<j<nandp<k<n

Conclusion of the algorithm The gaussian elimination algorithm terminates whenever
p = n — 1, since the matrix A1 is then upper triangular. We have obtained that Az =
b <= A Dy = p(®=1)_ The later system being upper triangular (by construction. ..), it
can be solved by a backward substitution algorithm as explained in the previous section 2.2.

Algorithmic complexity One can show that the gaussian elimination algorithm requires
2n3/3 +n?/3 — n operations (this is left as an exercise).
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Remarks on the pivots The gaussian elimination algorithm is well defined provided that

(p—

ap,p 75 0 for all p i.e. no pivot is equal to zero. There are classes of matrices for which this
condition is systematically fulfilled. Here are three examples:

e symmetric positive definite matrices,

e row-wise diagonally dominant matrices: |a;;| > >\, lajul Vi=1...n,

e column-wise diagonally dominant matrices: [a; ;| > > ), lak ;| Vi=1...n

2.4 LU decomposition

The gaussian elimination method leads to a factorisation of the matrix under the form A = L-U
where L is lower triangular with L; ; = 1,7 = 1...n and U is upper triangular. Indeed, let us
start by setting U = A1) which is the matrix obtained after the n — 1-th step of the Gauss
method. We thus have £~V 202 ... LWA = U <= A =1L-U with

L:= (M)~ (@)=t (h=D)~1

Let us study in more details the matrix L. It appears in factorised form. We will develop this
product, taking account of the elementary property ejTEp =0for j =1...p. As a particular
case of this property, we see that elTﬁg = 0, which leads to the conclusion that

(LD)"HLEN) ™ = (id +re] )(id +Loe; )
=id +lre] + laeg + l1(e] la)eg
=id +l1e] + laeg
We then proceed by induction on p to show that (L0))=1(£Z)=1...(£P)~1 = id + Py liel

We have just proved that this property holds for p = 1. Assume that it holds for p, and let
us prove that it holds for p + 1 as well. We have

p
(LO)=L(L@)=1.. ()L (£r+D)=1 — (id 4 Zgje;)(id +5p+16;+1)

j=1
P P
. T T T T
=id —1—(2 liej ) + lpriepyq + (Z biej )pr1€,4q
j=1 i=1
p+1 p
= ld‘f'zgje Z p+16p+1
1 p_

=id+ > e Z (e] lpr1)epin
j=1

=1

Since ejTﬁpH =0for j =1...p, the last term in the right hand side above is zero, so that the
property that we want to prove holds for p + 1. We finally obtain, for p = n — 1,

n—1
= id + Z Kje;—
7j=1
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Let us examine the j th column of this matrix. We have L - e; = e; + ¢;, with (e; + Kj)T =
0,...,0,1, ayﬂlj /a G- 1), R nJ /a(] 1)) We see that L is indeed lower triangular, with 1’s
on the diagonal, and the expression that we have just obtained for its columns suggests that

this matrix should be assembled on-the-fly during the gaussian elimination algorithm.

2.5 Factorisation algorithm

Let us now examine the algorithmic details of an LU decomposition. Before going into the
description of the algorithm itself, we introduce a few simple notations. If J and K are two
subsets of [1,n] := {1,...n}, we will denote by Ajx € CHI*Xl the submatrix obtained out
of A by extracting the columns k € K and the rows j € J (here we denote |J| the cardinal of
J, and accordingly for |K]). For a j € [1,n] and a subset K C [1,n], we denote A;k instead
of Agjy k and, similarly, for & € [1,n] and J C [1,n] we will denote Ay, instead of Aj ().

As suggested by the algorithm of the gaussian elimination described above, an LU decompo-
sition method involves n — 1 for a square matrix A € C™*™. Iteration p consists in an update
of the matrix A®~Y to obtain the matrix A®). On the theoretical side, this update takes the
form of a left-multiplication by the matrix £P) := id —Lp - ep , but this is not the actual way
this update takes place in practice: this would be unecessarily costly. Here are a few simple
observations concerning this update:

e it does not modify the rows 1,...,p

e it does not modify the columns 1,...,p—1

(p=1)

e in column p, it cancels out the elements a] forj=p+1,.

As a consequence, to change AP~ into A®)| it suffices to modify the block Ag{’;l) for

J = [p+1,n]. Besides, the matrix L) is entirely determined by . These elementary remarks
together with §2.3, lead to Algorithm 2.1 that follows

Algorithm 2.1

function LU NAIVE(A)
=id
A0 = A
forp=1...n—1do
J=[p+ 1 n]]
Ly, = A /A
A g
end for
U= A(nfl)
return L, U
end function

In fact Algorithm 2.1 makes use of many unnecessary intermediate variables. One may
store L (resp. U) in the lower (resp. upper) triangular part of a single matrix T € C"*".
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During this construction, it is also possible to store the matrices A® inside T. This leads to
Algorithm 2.2 that only involves a single additional matrix.

Once the LU decomposition of the matrix A is available and stored in the matrix T, we
can solve the linear system Az = b by means of the successive application of a backward
and a forward substitution method based on the upper and lower triangular parts of T (the
diagonal coefficients of the lower triangular system must equal 1 hence do not need to be
stored). The effective solution of a linear system making use of the a priori knowledge of the
LU decomposition then takes the form of Algorithm 2.3 below.

Algorithm 2.2 Algorithm 2.3
function LU DECOMPOSE(A) function LU SOLVE(A,b)
T=A T =LU_DECOMPOSE(A)
forp=1...n—1do //L solve
J=[p+1,n] forj=1...ndo
Typ=Tip/Tpp v; = bj
TJ7J:TJ7J—TJ7pr7J fOI‘kZl...j—ldO
end for vj =v; — Tjrvg
return T end for
end function end for
//U solve
forp=1...ndo
j=n—-p+1
Uj; = Uy

fork=j+1...ndo
Uj = Uj — TMuk
end for
uj = uj/Tj;
end for
return u
end function

2.6 Partial pivoting

As we saw, the gaussian elimination algorithm stops if one of the pivots is zero i.e. a((fq_ Y=o.
One way to circumvent this issue relies on a so-called partial pivoting strategy. It consists in
a preliminary step taking place at each iteration ¢, where the rows ¢ and r are swapped with
r chosen so that

_ —1
= sl e

This is equivalent to a left multiplication of the matrix A9~! by a permutation matrix P,
defined by: P, -e; = e, Py e, = ¢4 and Py -e; = ¢; if j # ¢,r. It is important to note
that (P;)? = id and that P, = P,. In addition observe that the coefficient a&?; Y in (2.7)

necessarily satisfies aq(n?q_ Y # 0 otherwise the matrix A would not be invertible.
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With the pivoting strategy described above, the result of n — 1 iterations of the gaussian elim-
ination algorithm writes ﬁ("fl)Pn_l .. PoLMP; - A = U. This can be rewritten equivalently
as follows:

A =P (L) Py... P, (L)1 U

— PA=P -Pi(LM) Py P, (L)1 U
with P = Pnflpn,Q tee P1

— PA=T1-T3--Th1-U
where Ty =P,_1-- Py - (g(q))fl Py Ppy

(L= 1)) . Let us check that the

id +¢, el whereﬁ € C™*"_ verifies

In the calculation above, we have considered that 7,_1
1_
= e s

matrices Ty, are lower triangular. Recall that (£(®))~
e;r 4y =0for j =1...q. As a consequence, we have

Tq =Pnoi--Pgyr-(id+lg €] ) Pogr--- Py
=id+(Pp_1---Pgr1-4y) - (e -Pgy1---Ppn_1)
:id"‘(Pnfl q+1 Z) (Pn 10 q+1 )T
:id+€;~eqT with €' =Pp_1--Pgy1- 4,

In the last step of the calculation above, we have used the fact that P,e; = e; whenever

q > j. Using this same property, we also see that, for all j = 1...¢q, we have e]T E’

e;r “Pp1- P14y = (Pgg1--- P - ej)T by = eT l, = 0. ThlS proves that 7, is lower

triangular. Settlng thls time L=T1 -T2 Tn_1, we have obtamed
P-A=L-U

where L is lower triangular, and U is upper triangular. Such a decomposition holds as soon
as A is invertible.

Algorithm 2.4
function LU _PIVOT(A)

T=A P=id
forg=1...n—1do
//pivoting

r= argmaxj:qv.__n\ijq]
P=71(q,r)- P, T=7(q,r)-T
//gaussian elimination
J=1[q+1,n]
Tyq= TJ7q/Tq7q
Ty3=Ty5—T5,Tqs

end for

return T, P

end function

A modified version of Algorithm 2.2 taking account of the row-wise partial pivoting is given
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in Algorithm 2.4 above. In this algorithm 7(g,r) € C™*™ is the transposition matrix such
that 7(q,r)ex, = e if k& # q,7, 7(q,7)eq = €, and 7(¢,7)e, = €. Obviously, to compute
7(gq,7) - P and 7(q,7) - T, no need to perform a full matrix-matrix product (a costly operation
with O(n?) algorithmic complexity a priori); it suffices to swap rows ¢ and r of matrices P and
T (a fast operation with O(n) algorithmic complexity). At the end of the day, the solution
algorithm proceeds as in Algorithm 2.3, applying the permutation P on the right hand side
as a preliminary step.

The only computational overhead comes from comparing the pivots in the columns at each
step of the LU factorisation. Since there are 1 +2+4---+n—1= (n_;)n = O(n?) compar-
isons, this additional cost is negligeable with respect to the total cost of computing the LU
factorisation.

Remark 2.1. In practice, the partial pivoting strategy is sufficient to accurately solve linear
systems, although there are theoretical examples that show that it does not guarantee that the
LU factors are not growing exponentially fast (see the exercise on the Wilkinson matriz). In
that case, more elaborate or costly pivoting strategies can be considered. The interested reader
may refer to [GL13, Chapter 3.4] or [Hig02, Chapter 9] for a more thorough discussion on
that topic.

2.7 Theoretical results regarding the LU factorisation

Apart from the construction and practical details of the LU decomposition that we have
presented, theoretical questions naturally arise concerning the existence or uniqueness of such
a factorisation.

Theorem 2.2. Given an invertible matriz A € C"*"™, we have det(Ay 5) # 0 for J = [1, j] and
forall j =1...n—1 if and only if there exists a unique pair L, U € C™*™ satisfying A = LU
with U upper triangular and invertible and L lower triangular with L ; = 1Vj=1...n.

The pair (L,U) of matrices is called the LU factorisation of A.

Proof. The converse is straightforward to check, as U invertible means that its diagonal entries
are non zero, hence AL],] = LLLJULLJ with L]J = (Lik)lgi,kgj and UJﬁ] = (Uik)lgi,kgj is also
invertible.

For the direct implication, we first check the uniqueness. Let (L,U) and (L,U) be two
LU factorisations of A. Then A= LU = LU so L~'L = UU~L. The left hand side is a lower
triangular matrix, with 1 on the diagonal, whereas the right hand side is an upper triangular
matrix. This means that L=1L = UU ! = idy,, thus L = Land U ="1U.

For the existence, we proceed by induction on the dimension n. The result for n = 1 is
obvious. Assume that the result holds for A € C"™*™ satisfying the assumption in the theorem
with m = 1...n, and let us prove that this result still holds A € C(TD*(+1) jnvertible.

Suppose that A has a LU factorisation (L,U). Now let us set B := Ay j for J = [1,n], so

that
A= [ B a ] (2.8)

b* «

where a,b € C" and o € C. By the induction hypothesis, there is existence of the factorisation
B = LU. As a consequence we have the decomposition A = LU if and only if there exist
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u,v € C" and B € C\ {0} such that

- . Lu=a
L= | Y O u= |V Ul aa Tweb (2.9)
v* o1 0 B B
B+v'u =«

Since L and U are invertible, we have the existence of u, v, 8 solution to (2.9). It remains to
check that U is indeed invertible, but by construction, L is invertible, and by assumption A
is invertible, so U = L™ A is invertible. O

The criterion on the det(Aj j)’s mentionned above is not very easy to verify in practice.
However there exist certain classes of matrices for which this criterium is systematically satis-
fied. This is the case of diagonally dominant matrices. Recall that a matrix A = (a;) € C™*"
is said row-wise diagonally dominant if |a; ;| > > ;. ., lajk| Vj = 1...n. Similarly it is said
column-wise diagonally dominant when [a; ;| > > fak [ Vi=1...n.

Proposition 2.3. If the matriz A € C"*"™ is either row-wise or column-wise diagonally dom-
inant, then it admits a unique LU-decomposition.

Proof. Let us assume row-wise diagonal dominance, since the case of a column-wise diago-
nal dominance proceeds very similarly. According to Theorem 2.2, it suffices to show that
det(Ayy) # 0 for J = [1,k] for all K = 1...n. It appears clear that if A is row-wise diago-
nally dominant, this is also the case for Ajj. Hence there remains to verify that a row-wise
diagonally dominant matrix is necessarily invertible.

Let us proceed by contradiction and consider a row-wise diagonally dominant matrix B =
(bj ) € C™*™ such that Bu = 0 for a certain u = (u;) € C" \ {0}. Let p € {1...n} such that
|lup| = maxj=1..n |uj|. Then we have 0 = by pupp + >4, bpju; and thus

|bp,ptip,p| = |pr,j“j| < Z |bp,j|jg11§?fn uj| < Z |bp,j || uppl
J#p J#p J#p
which contradicts the diagonal dominance. O

The next result shows that if the matrix A has a band structure with a certain width, then
each of the factors of the LU decomposition admits the same band structure.

Proposition 2.4. Let A € C"" a matriz admitting a unique LU factorisation. Let us
assume in addition that there exists p > 0 such that A, =0 if |j — k| > p. Then we also have
Lj,k = Uj,k =0 fOT ’j — k| > Dp.

Proof. Again we proceed by induction on the band width, and assume that the result holds
for all matrices uniquely LU-factorisable with a band width of m with 1 < m < n. We pick
a matrix A € CDX(+1) gatisfying the assumptions of the proposition we are seeking to
prove. Coming back to the notations of the proof of Theorem 2.2, we must in particular have
(2.9) with L;j, = U, = 0 whenever |j — k| > p according to the induction hypothesis.

Let us also take the notation u = (u;),v = (v;),a = (a;),b = (b;) for the vectors coming
into play in (2.9) and (2.8). To prove that L and U admit the same band structure, that is
Ljr = Uj, =0 for |j — k| > p, there remains to verify that u; =v; =0 for |j —n| >p <
Jj <n —p. We already know that a; = b; = 0 for j < n — p according to the band structure
satisfied by A. On the other hand L and U* are lower triangular, hence (L)' and (U*)~! also,
and we have u = (L) 'a and v = (U*)~!b, which indeed implies u; = v; = 0 for j <n—p. O
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2.8 Cholesky factorisation

Recall that a matrix A € C™*" is hermitian whenever A = A*, and it is called positive when
x*Ax € (0,4+00) for all z # 0. Finally, when it is positive, the matrix A is called definite if
2*Ar = 0 = x = 0. In the case where the matrix A € C™*" is hermitian positive definite
(HPD), its LU-factorisation simplifies, and we can obtain simpler formulas.

Theorem 2.5. Let A = (a;1)jr=1..n € C"*" be hermitian positive definite. Then there exists
a lower triangular matrix H € C™*™ whose diagonal terms are real, positive and such that the
following so-called Cholesky factorisation holds

A = HH".

Proof. As A is hermitian positive-definite, for all 1 < j <n, J ={1,...,j}, A; s is invertible,
hence A has a unique LU decomposition (L,U). Let D be the diagonal matrix of the diagonal
elements of U. Since A is invertible, U is invertible, so there is an upper triangular matrix U
with entries equal to 1 on the diagonal such that U = DU. Then we have A = LDU. A is
hermitian, thus A* = U*D*L*. Since the LU decomposition is unique, we have that L = U*
thus A = LDL*. L='AL™* is also hermitian positive-definite, since for any vector z € C", we
have v* L~YAL *x = (L™ *x)*A(L™*z) = 0 = L™*z = 0 = x = 0. Thus the diagonal elements
of D are all real and positive. Take H = Ldiag(\/dy,...,v/d,) where D = diag(dy, ...,d,),
then A= HH". O

An explicit algorithm can be proposed for the Cholesky factorisation. By directly express-

ing the matrix product A = HH*, coefficient by coefficient, we obtain a;; = > 7_, |h;x|* and
aj = 2221 hjphip for k < j. From there we deduce the following formulas

hjj = (aj; — Zi; ‘hj,kP)l/Q,
hjk = (56 — Yone) hjphip)/hrs  pour k < j.

The construction of the matrix H then proceeds for j growing from 1 to n and for k& growing
from 1 to j. These formulas yield Algorithm 2.5.

Remark 2.6. The Cholesky factorisation is not the square root of the matrix in general. The
square root S of a hermitian positive-definite matriz A is a hermitian positive-definite matric
satisfying A = S?. In the case where A is hermitian positive-definite, there is a link between
both matrices. Let H be the Cholesky factor of A, H =UXV* is a SVD of H, then S = UXU*

s a square root of A:

S% = (USU*)(USU*) = (USV*)(V*SU) = HH* = A.
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Algorithm 2.5

function CHOLESKY(A)
H=0
for j=1...ndo
fork=1...5do
H]7k == A]7k
forp=1...k—1do
Hjp=Hjp — HjpHep
end for
if k < j then
Hjp = Hjx/Hep
else
Hj; = Hj;
end if
end for
end for
return H
end function




Chapter 3

Stationary iterative methods

In this chapter, we are introducing iterative methods to solve the linear system
Az, = b, (3.1)

where A € C™*" is a matrix assumed to be invertible, x, € C" is the vector of unknowns and
b € C" is the right-hand side vector.

The general idea of iterative methods is to define a sequence of vectors (z(%))pecy such
that lim () = z,. In this regard, there are two big families of iterative methods that can be
distinguished:

1. the stationary iterative methods where (z(¥)) is defined by
g+ = gz 4o,
where G € C"*™ is some iteration matrix and v € C";
2. Krylov subspace methods where for all n, (¥) ¢ Spanogjgkfl(Ajb).

The advantage of using an iterative solver instead of a Gaussian elimination process relies
on the following observation: the Gaussian elimination algorithm requires O(n3) operations
for a dense matrix in order to compute x,. This quickly becomes untractable. The iterative
methods on the other hand only requires matrix-vector multiplication whose cost scales as
O(n?) for dense matrices and O(n) for sparse matrices. If the iterative method converges
quickly, an approximate solution can be computed using O(kn?) for a dense matrix (O(kn)
for a sparse matrix) with & < n where k is the number of steps of the iterative method. With
an efficient iterative method, it is possible to gain a factor n in the resolution of the linear
system.

Remark 3.1. We say that a matric A € C™"*"™ is sparse if for each row of A, there are s < n
nonzero elements. The matriz-vector product of with a sparse matriz scales as O(sn) instead
of n? as for each 1 < i <n, we have

n
(Az); =) Ay = > Ayg,
j=1 J such that A;;7#0

where the last term contains at most s nonzero terms. In terms of storage, it is not necessary
to store all the elements of the matriz, but only the nonzero ones. We thus also gain a factor
n.

29
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A typical example of a sparse matriz is the discrete Laplacian matriz which is tridiagonal,
hence it is sparse with s = 3. This type of matrices appear in graph theory, when the graph is
not well-connected or in differential equations, when the operators are discretised using finite
elements or finite differences.

There are several ways to store a sparse matrix, we will mention these two that are standard:

1. the COO format (COOrdinates): the matriz A is given as three vectors (I,J, V'), each of
size nnz where nnz is the number of nonzero entries in A. For each 1 < k < nnz, we have
Vi. = Ar,.,J,., or said differently, the k-th entry of V' corresponds to the coordinate (Ij, Ji)
in the matriz A. This format is easy to manipulate, but is not efficient for performing
matriz-vector multiplications, as the vectors (I,J) are not necessarily ordered. For the

matrix
2 6 0 O
0 0 0o 7
A= -1 13 0 0|’
0 -2 —4 0

an example of the COO format is given as

I=11,1,2,3,3,4,4], J=1[1,2,4,1,2,2,3], V=[2,6,7,-1,13,-2,—-4].

2. the CSR format (Compressed Sparse Row): the matric A € C"*™ is given as three
vectors (row, col, val) where col,val have size nnz and row is of size n+ 1. In this case,
we have for each 1 < k < nnz, valy = A; ¢, where i is such that row; < k < row;{1.
Compared to the COO format, the storage cost is reduced since the size row is usually
much smaller than nnz. Moreover, now that the entries are ordered, the matriz-vector
multiplication is much more efficient than in the COO format. For the example above,
the corresponding CSR format is given by

row = [1,3,4,6,8], col=[1,2,4,1,2,2,3], val=[2,6,7,—1,13,-2,—4].

The central question for iterative methods is the convergence and the speed of convergence
of these algorithms. We are first presenting historical iterative methods, that are rarely used
in practice but which give a good insight on these methods.

3.1 Principle of stationary iterative methods

The general framework of this type of methods is to define a splitting of the matrix A = M —N,
where M, N € C™*"™ and define the stationary iterative method by

{az(o) eC”

3.2
M2+ — Na® 4 k> 1. (3.2)

If the sequence (:U(k)) converges to a vector T, then Mxo = Nxoo + b hence Az = b. Thus
the limit solves the linear system (3.1).
To study the convergence of the sequence (:zj(k)), we see that Mz, = Nz, + b, so %) — 2,
satisfies
e ) g, = MIN2® — M — 2, = MTIN(@® — z,). (3.3)

Hence the convergence of the sequence (a:(k)) is governed by the properties of the matrix
M~IN, and in particular, as we will see in the next section, the spectral radius of M ~1N.
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3.1.1 Convergence of stationary iterative methods

Proposition 3.2. For any matric A € C™*™ and any € > 0, there exists an induced norm
| ||« over C**™ such that
A« < 0o(A) + e (3.4)

We already know that for any induced matrix norm || - ||, we have that o(A) < ||A|. The
proposition above shows that there is a particular choice of vector norm, that depends on the
matrix such that the converse is true, up to a tolerance e.

Proof. Consider a matrix A € C"*". We have to propose an induced norm satisfying (3.4).
According to Proposition 1.10, there exists a unitary matrix @ € C™*" such that T := Q*AQ
is upper triangular,

t11 ti2 0 tin
T = 0
0 N

Note that the entries ¢;;,j = 1...n are the eigenvalues of the matrix A. Given some § > 0
that we shall choose a posteriori, set Ds := diag(1,d,...,6" ') and define the matrix Ts :=
DngflAQDg = (QDs)'A(QDs) = D(;_ITD(;. Examining its values, we see that

t11 Otia oo "y,
0 .

Ts =
: 5tn71,n
0 - 0 tpn

The matrix above decomposes as Ts = A + Rs where A = diag(t1,1,...,tnn) and Rs is the
upper triangular part located strictly above the diagonal. According to Proposition 1.3, we
have lims_o ||Rs/l1 = 0. Given some €, we can choose ¢ small enough to guarantee that
IRslli < e. In addition, one readily checks that |[All; = maxj—1. ., |t;;| = 0(A). With &
chosen as indicated, we obtain || Ts|l1 < 0(A) + €. Now set Qs := @Dy and consider the norm
|2l := ||Q; "z|l1. With the matrix norm || ||, induced by || ||+, the matrix A then satisfies

Az, Q5 'AQs
secr\fo} 1Zllx  zecm\fo) |1

= [ITsl1 < o(A) +e.

O

Theorem 3.3 (Convergence of stationary iterative methods). Let A € C"*" be invertible, b €
C" and x, = A~'b. The sequence (:L'(k))kzg defined by Equation (3.2) converges to x, for any
20 € C" if and only if p(M~'N) < 1, where p(M~'N) = max{|\|, A eigenvalue of M~'N}.

Proof. If p(M~'N) < 1 then there is an induced matrix norm || - ||, by a vector norm such
that ||[M~'NJ, < 1. Thus we have
l2® — 2.l < [MTIN@EPD =z < [MTN e =zl < IMTINE 2 = 2]

Thus lim 2z = z,.
On the other hand if p(M~1N) > 1 then there is an eigenvector y € C" of M !N such
that ||(M~'N)*y|| = p(M~'N)*||y| does not converge to 0 as k goes to infinity. O
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It remains to choose the matrix M in a wise manner, such that at each step the inversion
of M has a cost comparable to a matrix-vector product.

3.2 Classical iterative methods

To define the methods in this section, we introduce the following notation D, E, F' € C**™
such that A= D — FE — I’ with

all 0 0 0 0 0 0 alp ... A1n
D= 0 a2 O 7 _F— (1-21 0 . 0 : and —F — 0 0

: o R : Do An—1,n

0 ... 0 anpn an1 ... app—1 O 0O ... 0 0

3.2.1 Jacobi method

For the Jacobi method, we set M =D and N = E + F.
In that case, the i-th entry of the vector (¥ is given by
k—1
(k) _ bi — >z “ia‘f”§‘ )

i

(7

The cost of one iteration in the Jacobi method consists in applying E+ F which costs as O(n?)
for a dense matrix, and O(n) for a sparse matrix and inverting a diagonal matrix, which costs
n divisions. Thus overall, the cost of a Jacobi iteration, scales as O(n?) operations for dense
matrices and O(n) for sparse matrices.

Remark 3.4. Since the entries of %) only depend on z*—1)

parallel.

, its entries can be updated in

We can ensure that the Jacobi method converges for the class of row-wise diagonally
dominant matrices.

Proposition 3.5. If A is row-wise diagonally dominant, i.e. for each 1 < i < n, |a;| >
> jzi |aijl, then the Jacobi method converges.

Proof. We simply need to check that the spectral radius p(M~'N) < 1 and use Theorem 3.3
to conclude on the convergence. For y € C", we have

_ aij
(N = |2 %y
— Qi
JFi
< [Ylloo>
thus |[M~'N||e < 1,50 p(M~IN) < [|[M7IN||s < 1. O

3.2.2 Gauss-Seidel method

For the Gauss-Seidel method, we set M = D — F and N = F.
In terms of number of operations, the Gauss-Seidel algorithm requires the inversion of a
triangular system which scales as O(n?) if the matrix is dense, but as O(n) if the matrix
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is sparse. Thus the total cost of one iteration of the Gauss-Seidel method scales as O(n?)
operations for a dense matrix and O(n) operations for a sparse matrix.
In that case, the i-th entry of the vector () is given by
(k) (k=1)
)  bi— D jci QiGT = D s ATy

i =

Qg
Once :):Ek) is computed, xl(k_l) is not useful anymore. The update can be implemented in
place. Contrary to the Jacobi method, the Gauss-Seidel algorithm is hardly parallelisable.
We have the same convergence theorem as previously.

Proposition 3.6. If A is row-wise diagonally dominant, i.e. for each 1 < i < n, |a;| >
> jzilaij|, then the Gauss-Seidel method converges.

Proof. Let y,z € C" such that z = M ~'Ny. Then we have Mz = Ny so
Q125 — — Z aijyj — Z aiij.
j>t i<t
Let ip such that |z,| = ||2|/cc. Then
|@igioZiol < Y laigslllzlloe + > laioj|[llso
Jj<io Jj>io
but since A is diagonally dominant
|ai0i0‘ - Z |aioj| > Z |aioj| >0,
J<io J>io0
thus

Zj>i0 | @i

[2]lo0 <
|a7,010‘

Ylloo £ max
B Zj<i0 |ai0j‘ H HOO 1<ip<n

( 2j>io |@ig5]
|@igiol — D2 j<iy |@ios]

Zj>i0 ‘aioj|

PR M) < 1. This shows that p(M~'N) <
i0iQ j<ig |%igi
M~ N < 1. 0

Myl

Since A is diagonally dominant, maxj<;,<p, (

3.2.3 Successive over relaxation (SOR) method

For the SOR method, we have a positive parameter w and we set M, = %D — F and N, =
(L -1)D+F.
The SOR method also involves the inversion of a triangular matrix, as such, the cost of
one iteration of the algorithm scales as O(n?) for a dense matrix and O(n) for a sparse matrix.
We also have the same type of convergence result.

Proposition 3.7. If A is row-wise diagonally dominant, i.e. for each 1 < i < n, |a;| >
> jzilaijl, and if 0 <w <1 then the SOR method converges.

Proof. Exercise. O
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Figure 3.1: Jacobi and Gauss-Seidel methods for the one-dimensional discrete Laplacian. The
speed of convergence is asymptotically given by the spectral radius of the iteration matrix of
both methods.

For a given matrix A, one can wonder how to optimise w in order to minimise the number
of iterations, hence for that, we can try to find w such that the spectral radius p(M_1N,,)
is the smallest. It turns out that it is tricky to find the optimal relaxation parameter, as it
depends heavily on the matrix. For certain classes of matrices, the explicit value of the optimal
relaxation parameter is known (for example for symmetric, positive-definite tridiagonal ma-
trices), but usually it depends on the eigenvalues of some matrix, that is not straightforward
to compute.

1.00
100 F
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g 107° T&E
g = oss
QL
0.80
W I I I 1 075 |, ; ; ; ;
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(a) Residuals after 100 iterations (b) Spectral radius

Figure 3.2: SOR method for the one-dimensional discrete Laplacian. The speed of convergence
of the SOR method strongly depends on the choice of the parameter w.

3.3 Richardson iteration

For Richardson iteration, the method corresponds to taking M = éid and N = é id — A, with
a € R a parameter:
) = (id —ad)z® + ab. (3.5)
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Proposition 3.8. Assume that A € C™*" is invertible and diagonalisable with eigenvalues
Aly .3 An. Then the Richardson iteration converges if and only if 0 < a < 2%?'9” or
J

o max Re(};)

EVE <a<0.

Proof. Again we need to study the spectral radius of M !N = (id —aA). The eigenvalues of
id —aA are simply 1 —a)j,j =1...n. Hence p(M™IN) <1<=V1<j<n|l—a)\]?<1.
But |1 — a)j|? =1 —2aRe()\)) + a?|\;|* < 1 thus the condition is

V1<j<n,a®<2aRe())).
This can be satisfied only if a has the same sign as all the A\; and we find the result. O

Suppose now that the matrix A is diagonalisable and has only positive eigenvalues 0 <
A1 < --- < A,. We can wonder for which value «, the spectral radius of the iteration matrix
id —aA is the smallest:

p(id —ad) = max(|1 — aAi],..., |1 — al,|) = max(|1 — aAi], |1 — ai,|).

Proposition 3.9. The spectral radius of the iteration matrix id —aA is minimal for

o 2
N A+ )\n7
and for this value we have
An — A1
id—aAd) = :
plid —ad) = =

Proof. We have that

p(id—aA) = 1?1?2{11” — alg| = max(|1 — al], |1 — aA,]).

p(l —aA)
Y
\\ LARRER
""""" 1 A
NS A « S
N LN . a
1 €
An A1

Graphically, we see that the minimal value of p(id —a.A) is attained when

—14+a), =1—a),

_ An—=A1 0

which gives a = ﬁ and p(id —ad) = P

Remark 3.10. For a Hermitian positive definite matriz, this can be rewritten as

conda(A) — 1

id—ad) = —————.
plid —ad) condz(A) +1

If the condition number condy(A) is large, the spectral radius of the iteration matriz is close
to 1.
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3.3.1 Interpretation as a gradient descent method

Suppose that A € R™*" is a symmetric positive-definite matrix and consider the functional F’
1
F(x) = §<x,A:r) — (b, x), (3.6)

where (-,-) denotes the scalar product of R™. Since A is positive-definite, the functional
F is convex. Moreover, lim| o F (r) = oo, hence F has a unique minimum satisfying
VF(xz,) = Az, — b = 0. This means that to solve the linear problem Az = b, we can use a
minimisation algorithm to the functional F'. A simple fixed-step gradient algorithm is thus

2B = 20 _ oV E(@®) = (id —ad)z® + ab,

which is simply the Richardson iteration of the previous subsection.

3.3.2 Steepest descent

The parameter o can also be chosen adaptively, a natural choice being to minimise at each
iteration the function f : o — F(z®) + ap®)) where p*) = b — Az(k).

By composition, the function f is convex, hence the minimum is attained where the deriva-
tive vanishes. First we have

2
Fa® +ap®) = @, 4z®) 1 Tp®, 4p®) 1 ap®, 420) — (28, 5) — ap®,b)

thus
F(@) = a(p®, Ap®) + (p®) Az W)y — (p*) ).

Thus the parameter «y, such that f/(ay) = 0 is given by

B b — Agh) (R) ()
(p®), Ap®) - (pk), Ap(h))

Algorithm 3.1 Steepest descent gradient

function STEEPESTDESCENT(A, b, £401)
z=0
p=2>b
while ||p|| > et do

_ el
{p,Ap)
rT=x+ap

p=p—adp
end while
return x
end function
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Since A is symmetric, positive-definite, the bilinear form (x,y) — (x, Ay) defines a scalar
product. Let us denote the associated norm by || - [|4. Note that

1 1 1

5(3: —zy, Al — ) = §<$, Az) — (x, Ax,) + 5(1‘*, Az,)
1 1
= §<$,A:1:> — (x,b) + i(x*,A:c*)
— Fla) + %(x*,Ax*).

Thus minimising F' is the same thing as minimising ||z — z. 4.
With this observation, we can prove the following theorem on the convergence of the
steepest descent algorithm.

Theorem 3.11. Assume that A is a symmetric, positive-definite matriz. Denote by (a:(k)) the
sequence by Algorithm 3.1. Then we have for all k >0

condy(A) — 1\k

Proof. By definition of z(®), recalling that Qopt = 5 and we have

2
in+>\max

(k=1)

||;1:(k) — Zy||4 = min ||z — 2, + ap(k_l)HA
aER

< [V — 2, + o™V 4

< |z — 2, + aopt (b — Az 4

< Jx® D — 2, + agpy (Azy — Az*D)||4
< |1(id —arope A) (251 — 2,)]| 4,

< JJAY?(id —aep A) (2F D — ) 12

< [lid —aopeAll2llz* D — 2|4,

< p(id _a0ptA)Hx(k_1) — Ty A,

where we have used that p(id —aoptA) = || id —aoptAll2 because A is hermitian. The result
follows from p(id —aeptA) = %. O

Again an ill-conditioned matrix impedes the speed of convergence of the steepest descent
algorithm.

3.4 Stationary iterative methods in the XXI* century

Most of the methods introduced here have been proposed in the XIX™ or in the early XX
century. Since then, these methods have been superseded by more modern approachs based
on the Krylov methods, like the conjugate gradient algorithm or GMRES. These have better
convergence properties and are numerically more efficient to reach accurate approximation to
the solution.

These methods should however not be dismissed as they provide theoretical insights on
the convergence theory of iterative methods, and the importance of conditioning in that re-
gard. Finally, stationary iterative methods can be used in combination with Krylov methods.
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This is the idea underlying modern numerical linear algebra methods, such as the multigrid
method [CG22, Chapter 4], where classical iterative methods are used as a cheap precondi-
tioner.



Chapter 4

Krylov subspace methods

The iterative methods in the previous chapter are only using the knowledge of the previous
iterate to build the next one. Instead, it seems preferable to include more directions to improve
the approximation of the solution to the linear system Ax, = b. This idea is formalised in
the framework of the projection processes and in this setting, we will see that the Krylov
subspace methods emerge as a natural candidate for these projection processes. The celebrated
conjugate gradient algorithm and GMRES are two instances of projection processes based on
Krylov subspaces.

4.1 Projection process

4.1.1 Definition and well-posedness of the projection process

Definition 4.1. Let 6, and % be k-dimensional linear subspaces of C*, A € C™™"™ and
) e C*. We say that ¥) € C" is the result of a projection process if there exists z%) € .7,

such that

4.1
0 = b A L, (4.1)

We say that the projection process is well-defined if x¥) exists and is uniquely defined.

We immediately notice that r*) = r(© — Az hence the condition can also be phrased
as Az 1 (0 4 .. The goal is to establish natural conditions on %} and .} under which
the projection process is well-defined. We will call .} the search space and 6 the constraint
space.

Proposition 4.2. Let (ci,...,cx) (resp. (S1,...,5k)) be a basis of € (resp. %) and let
Cr = [c1;...;¢k] and Sy = [s1;...;8k). The projection process is well-defined if and only if
CLAS), is invertible.

Proof. By definition of the projection process, we can write 2(*) = z(0) + Syt;. for a vector
tx € CF. By the orthogonal constraint, we have r(*) 1 %, which means that C’Zr(k) = 0. But
r&) = (0 — AS,t., thus we find that ¢ solves CLASKt, = C;:’I“(O). tx is uniquely defined for
all (9 if and only if C} AS}, is invertible. O

39
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Under the assumption that the projection process is well-defined, we can wonder whether
there are conditions such that the norm of the residual #*) is bounded by the norm of the
initial one ||r(®)||. We have

rB) = O — AS,t),
=rO) — AS,(CrAS;) T Cir©)
= (id —ASk(C; AS) L Cp)r(©.
By a simple calculation, we see that the operator P, = AS’k(C’/,z‘ASk)*lC,;k is a projection. If
we require [|[r®)|| < ||r©)] for any r(©), then we need Py to be an orthogonal projector. In
that case, a possible choice is to take Cy = ASy.

If the matrix A is Hermitian positive-definite, we can also investigate whether there is
another choice by looking at the operator norm of the error z*) — z,:

29 — 2.4 = |AV2(@® — 2|
= | A2 (@@ + Syty, — @)
= |AY2(2O) + S (CEASK) TTOEr ) — 2|
= A2 (20 + S(CrASy) T O (Aze — Az0) — )|
= || (id —AY2S(Cr ASy) T Cr AY?) (A 220 — A2, ).

The matrix Q = A1/2Sk(C,’:ASk)_lC;;A1/2 is also a projection, which is not orthogonal in
general. Again a natural choice to ensure that Q)i is an orthogonal projector is to set C, = Sk.

In both cases, we will show that such choices for the constraint space lead to a well-defined
projection process.

Proposition 4.3. Suppose that A is invertible and let %} be a k-dimensional subspace of C".
Then

1. if 6. = AS%, then the projection process is well-defined;

2. if A is Hermitian positive-definite and €, = %, then the projection process is well-
defined.

Proof. 1. By Proposition 4.2, it is enough to check that C}AS} is invertible where Cj), =
[c15...5¢k] and Sk = [s1;...;sk|, for some basis (cq,...,cx) (resp. (S1,...,8k)) of Gk
(resp. #). Let y € C* such that CyASry = 0, then ASpy L €, = AY. Hence
ASry € A N Aylj-, hence ASry = 0, thus y = 0 since A is invertible and S is
full-rank.

2. Again it suffices to check that C} AS}, is invertible. Let y € C* such that SpASKy = 0,
then y*S;ASLy = 0, thus ||Sky||a = 0. Since Sy, is full-rank, y = 0.
O

4.1.2 Krylov subspace methods

Looking at the residual or the norm of the error gives a condition on the constraint space. It
remains to see how to wisely pick the search space 7.
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Proposition 4.4. Suppose that the projection process (4.1) is well-defined. Assume that
r0) e S and AL, = .. Then we have r*) = 0.

This means that the projection process gives the exact solution to the linear system Az, =
b, if .} is a stable subspace under A.

Proof. By definition, we have r®) = 70 — A2(*) where %) € .7,. Since r® e ., and
ASy = S, 1% € A, . Thus there is y € CF such that »*) = AS,y. By definition,
r&) 1 %, hence C;;r(k) =0, so C}ASry = 0. Because the projection process is well-defined,
this means that C};AS}, is invertible hence y = 0 and rk) = 0. O

From the previous result, it seems reasonable to start with .7 = Span(r(o)) and work with
nested sequences spaces .7 C .% C .... Since we want to find a stable subspace under A, it
is natural to introduce the Krylov subspaces.

Definition 4.5. Letv € C*, A € C"*" and k € N. We call KCy,(A,v) = Span(v, Av, A%v, ..., AF 1)
the Krylov subspace.

Proposition 4.6. With the notation of Definition 4.5, the following assertions are true
1. ]Ck(A,’U) C ]Ck—H (A,’U),’
2. there is an integer d € N such that

K:d+1(A7 U) = ch(A7 U)
Kj-1(A,v) # K;j(A,v), V1<j<d

The integer d is called the grade of v with respect to A;
3. for j <d, where d is the grade of v with respect to A, dim KCj(A,v) = j;
4. forj < d, where d is the grade of v with respect to A, K;(A,v) = {P(A)v, P € C/7X]};
5. if A is invertible and d is the grade of v with respect to A, then A4 (A,v) = Kq(A,v).

Thanks to the last property, the Krylov subspace Ki(A,7(?) is a good candidate for the
search space of the projection process.

Proof. The first four properties are clear. We have AK;(A,v) C Kg41(A4,v) = Kq(A4,v), so it
suffices to show that dim AK4(A,v) = dim Ky4(A, v) to have the equality. Let (a;)i<i<q € C?
such that Zle a;A'v = 0. Since A is invertible, this means that E?:_Ol a1 A'v = 0. But
(Aiv)ogigd_l is a basis of Ky4(A,v), thus a; = 0 for all 1 <14 < d. Hence (Aiv)lgigd is a free
family and dim AK (A,v) =d = dim K4(A,v). O

From this study, we have established that Krylov subspaces are good candidates for a
search space for the projection process, as they guarantee a termination of the algorithm after
a finite number of steps. For the constraint space, based on the norm of the residual or the
error, we have identified two possible choices

1. 6. =AY ;

2. 6. = Y%, if A is Hermitian positive-definite.
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In both cases, we have already proved that the projection process is well-defined. Taking .7}, =
Kr(A, 7"(0)), the first choice yields the GMRES algorithm and the second choice the conjugate
gradient algorithm. We collect all these results and state the mathematical characterisation
of both algorithms in the next theorem.

Theorem 4.7. Let A € C"™" be an invertible matriz, b € C" and x. € C" be the solution to
Az, =b. Let 29 € C" and r© = b — Az . Assume that ©) has a grade d > 1 with respect
to A. Let %) be defined by the projection process (4.1):

z®) = 2O 4 () where 2(F) € .7,
r) =p— Az®) 1 4.

1. (Characterisation of the conjugate gradient algorithm) If A is Hermitian and positive-
definite, ., = €. = Kk(A,T(O)) for all 1 < k < d, then the projection process is
well-defined for every 1 < k < d and 29 = z,. Moreover we have the following
characterisation for all iterates a;(k), 1<k<d

e~z L4 Kp(A, 7)), and  ||2® —z,]j4 = |z — zu||la.  (4.2)

min
2€x(0) I (A,r(0))
2. (Characterisation of GMRES) If % = Ki(A, 7)) and €, = AKy(A, 7)), then the
projection process is well-defined for every 1 < k < d and =¥ = z,. Moreover we have
the following characterisation for all residuals r®), 1 < k < d

r®) 1 AKL(A, 7)Y, and  |r®| = min b — Az|. (4.3)
2€x(0) 4+, (A,r(0))

Proof. The well-posedness is given by Proposition 4.2 and the termination of the projection
process is obtained by combining Proposition 4.4 and Proposition 4.6.

We now turn to the mathematical characterisations (4.2) and (4.3). These characterisa-
tions rely on rephrasing the orthogonalisation with respect to the constraint space %} as an
orthogonal projection with respect to a new scalar product.

1. by definition of the projection process, we have r*) = b — Az(*) = A(zy — x(k)) 1% =
Kr(A, r(o)). Hence we have, using that A defines a scalar product

2®) —z, L AKL(A, 7)) & 2® — 2, 14 Kp(A,70) < 20 420 214 (4, 1),
Since z(®) belongs to the subspace ., = Kr(A, r(o)), we have that

|29 +2® —wfa=  min fz42® — a4,
ZEICk (A’T(O) )

which is exactly Equation (4.2).
2. by definition of the projection process, we have r*®) = b — Az®) | 4, = AICk(A,r(O)).

This is equivalent to A*A(z® — z,) L Ki(A,r(?). Since A*A defines a scalar product,
we have by the same reasoning as before

Jo® —ziara= _min -z 42 —olaa
2€Ky (A,T(O) )

Using that for any y € C", ||ly||4. 4 = (y, A*Ay) = || Ay||?, we have (4.3).
0l

The mathematical characterisations (4.2) and (4.3) will be central in establishing the
practical algorithms and the convergence rates of both algorithms.
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4.2 The conjugate gradient algorithm

The CG algorithm is an iterative method to solve Az, = b when A is Hermitian positive-
definite. This algorithm has several properties that make the algorithm efficient numerically:

e it has a short-term recurrence that makes it cheap to implement;
e it has a well-understood convergence behaviour based on the spectrum of the matrix A.

Such features are not shared with the GMRES algorithm as it will be exposed in Section 4.3.

In order to see that the CG algorithm has a short-term recurrence, it is natural to look at
the Gram-Schmidt process to build an orthogonal basis to K (A, r(o)). This is the goal of the
Arnoldi algorithm.

4.2.1 The Arnoldi algorithm

For this algorithm, we are not going to assume that A is Hermitian positive-definite. We
simply require A to be invertible. The Arnoldi algorithm is simply a Gram-Schmidt process
for ICx(A,v) = Span(v, Av, ..., AF ).

Algorithm 4.1 Arnoldi algorithm

function ARNOLDI(A, v, k)

— v

Y1 = o]

for j=1,...,k do
fori=1,...,5do

hij = <’UZ',A’U]'>1

end for '
Uj1 = Av; — 331, hiju;
hjt1j = 10541l
if hj+1,j 75 0 then

. — Yi+1
Vitl = Ry,
end if
end for
return (vy,...,vx)

end function

The Arnoldi algorithm breaks down if in the course of the algorithm hjiq; = 0. As we
are going to show, it does not happen if j < d where d is the grade of v with respect to A.

Proposition 4.8. Let v € C" be of grade d with respect to A. Then the following assertions
are true

1. the Arnoldi algorithm 4.1 is well-posed for k < d (i.e. hji1; # 0 for j < d—1), moreover
forallj <d—1, (v1,...,v5) is an orthonormal basis of K;(A,v);

'the convention used is (z,y) = Y1 | 2}y
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hii ... ... hy
2. letV, = [vl, e ,vk] € C"™* and let Hyj, = ha : € CF*k then
0 | hig—1 Ik
AVy = Vi Hyp, + hips1 pVk 164 (4.4)
and
Vil AVi, = Hyg; (4.5)
3. if A is Hermitian, then Hyy is tridiagonal with real entries.
hitr .. ... hu
Remark 4.9. Matrices of the form ha E € CH* are called upper Hes-
0 i g—1 Ik

senberg.

Proof. 1. by definition of the grade of v, (v, Av, ..., A~1v) is a basis of the Krylov space
K;j(A,v). Since (vy,...,v;) are obtained from a Gram-Schmidt process of (v, Av, ..., AT~ 1)

2. by definition of the algorithm, at each step 7 < d we have

1 hij
Avj = Z hl-jvi = Vj.;_l
=1 hjt1,5
Thus
(hi1 hiz ... hi ]
ha1  hao
AV =Vip1 | 0 hs

| 0 P,k ]

= Vi Hpyp, + his1 gv1165 -
The second identity (4.5) follows from the orthogonality of (vj)1<j<k+1-

3. we have V; AV}, = Hjy,. The matrix Hyy is upper Hessenberg and V7 AV}, is Hermitian
if A is Hermitian, hence Hyy, is tridiagonal. It remains to show that the entries of Hyy

are real. We have hjy1; = ||Uj+1]] and hj; = (vj, Av;), thus the entries are real.
g

The Arnoldi algorithm has a remarkable simplification when A is Hermitian. It is not
necessary to reorthogonalise the vectors Av; against (v;)1<i<j—2, by the property above. The
resulting algorithm is called the Hermitian Lanczos algorithm.

The three-term recurrence in the Hermitian Lanczos algorithm is the reason why the CG
algorithm has also a short term recurrence.
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Algorithm 4.2 Hermitian Lanczos algorithm

function HERMITIANLANCZOS(A, v, k)

for j=1,...,k do
hjj = (vj, Avj)
U1 = Avj — hyju; — hj-1,5vj-1
hjt1 = [[Uj41]]
if hj+1,j 7é 0 then

. — Ui+l
UL R
end if
end for
return (vy,...,vg)

end function

4.2.2 The practical CG algorithm

From the Hermitian Lanczos algorithm, we will at first derive the three-term recurrence of the
CG algorithm.

Let (v1,...,vq) be the family of orthonormal vectors obtained by the Hermitian Lanczos
algorithm applied to ICd(A,r(O)). We are going to exploit the tridiagonal structure of the
matrix T, = VAV, k=1,...,d.

Lemma 4.10. There exist (1, ..., pq-1) € R and (\1,..., ) € R? such that for all 1 <
1
T pr 1 .
k <d, we have Ty, = LAy L;, where Ly, = ) ) and A, = diag(A1, ..., Ag).

pre—1 1

Proof. The matrix T}, is tridiagonal and positive-definite, so it has a unique LU factorisation
T, = LiUyg. Since T}, is Hermitian and invertible, we can factorise the diagonal elements of
U. Using the uniqueness of the LU factorisation, we have a unique factorisation of T}, of the
form

Ty = LA LY,
1
Ta
where L = . ) and Ap = diag()\gk), e /\,(f)). It remains to show that
k

Mi(c—)l 1

(/\g-k)) and (M§k)) are independent of k. This is done by noticing that
T, L A L
Tit1 = i Q = i § e
Qg ‘ Br+1 Pk ‘ 1 ‘ Ak+1 ‘ 1

_ [ LiApLY szLkAkek]
pier ALy Ak41

By identification, the claim is proved. O
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Proposition 4.11. Let 79 be of grade d with respect to A Hermitian positive-definite. Let
(v1,...,vq) be the vectors obtained by the Hermitian Lanczos algorithm. With the notation
of Lemma 4.10, there are coefficients (ci)1<k<d defined iteratively such that the CG iterates
(x(k))lgkgd and (r(k))lgkgd are defined by
Pk = Vk41 — WkDk—1
a®) = p(k—1) + crpr_1 (4.6)

r®) = p "= — o Apy

where p_1 =0 and céo) =0.

Proof. By definition of the CG algorithm, we have

®) =20 4 ;0 ) e (A, rO)
4.7
r®) = b — Az LKA, rO). (47)

We know that for each k < d, (v1,...,vx) is a basis of (A, r(o)) so z®) = O 4 Vity, t1, € CF
and Vi = [vl, - ,vk]. Hence r®) = r(©) — AV, ¢;.. By orthogonality, we have V,:r(k) =0, thus
Vir© —VEAVity, = 0 and t), = (ViFAV,) ~1ViEr(©). Plugging this in ) and using Lemma 4.10
yield

2®) = 2O L v (v AV T Ve ©)
= 2O L VL TA L VO,

Let 1314: = VkL,;T = [ﬁo, . ,ﬁk_l]. ng solves ﬁkLg = V} so the columns of ﬁk satisfies
1 m

[Bo, - - - Pr—1] B = [v1,..., vk

[Po, P1 + p1Po, - - -, Pr—1 + Hh—1Pk—2] = [V1, -, vk],

which is the first item in Equation (4.6).
We have

2® = 2O v TA L V@
=2 4 Pt Prr©

~ AL D
=20 4 [Py, ppa] | F []?f_l} r®
D1
(0)
= 1 B Pr—1T7
=2© 4 Pk—lAk_llpk_lT(O) + L

13;2—17’(0)

— (k=1)
x + Ak Pk—1,
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H* (0)
which is the second item in (4.6) with ¢; = P

For the last item, we use the definition of »*) and the expression of z(*)
rF) = b — Az®) = k=D o Ap .
O

Since the Arnoldi vectors (vj)1<j<q can be generated using a three-term recurrence, the
CG algorithm derived from Equation (4.6) can be rephrased in a three-term recurrence. There
is however a way to get rid of the Arnoldi vectors and rewrite the CG algorithm into a two-
term recurrence, which is the standard way to implement CG. This is based on the following
observations on the vectors p; and r),

Remark 4.12. 1. the vectors (pj)o<j<d—1 define an A-orthogonal basis (i.e. (p;, Apj) =0
if i # j): we have L
PjAP; = L'V AV4LT = Ay

2. we have r®) L rU) for any j < k: by definition of ), we have ) = () — Az() with
PANS ’Cj(A, T‘(O)), thus r) ¢ ICJ'+1(A,’I°(O)) but 8 L ICk(A,T(O)) D IC]'+1(A,’I“(O)).

3. P € Span(r(k),ﬁk,l) for all0 < k <d—1. Since pp = Vg1 — pp_1Pk_1, it is sufficient
to prove that r®) and vgyy are colinear: (r)o<j<x—1 and (v;)i<j<k are orthogonal
vectors, that span the same space Ki(A, r(o)), thus necessarily, &) and Vg41 are colinear
for0<k<d-1.

The idea is to generate the sequences (z*)), (pi), (r*®)) of the CG algorithm (p; and Py
are colinear) starting with pg = 7 and using that

— (k) : : __ (App ™) |
o prp =1\ 4+ wrpr_1 where wy, is chosen such that pp L 4 pr_1, t.e. wp = 1 Apr )
o r(0) = p=1) _ ap_1Apr_1 and ap_1 is set such that r) | r(kfl), i.e. Qp_1 =
[l 2

(r=1), Apj,_1) "

The formula for the constants aj_1 and wy can be further simplified by noticing that:

o (r*=Y Ap_1) = (pr—1—wk—1Pk—2, Apr—1) = (Pk—1, Apr—1), by A-orthogonality of py_o

and pg_1;
® Wi = — (r® Apg_q) (WD ey g k)2
k= "1 Ape—1) (Pr—1,APp—1) ar—1 ~ |r(e=D)2°

The cost of implementing the CG algorithm is a single matrix vector multiplication at
each step, and the storage of the vectors ), r(¥) and py,.

The properties of the CG sequences (2(®), (pg) and (*)) which have been discussed above
is summarised in the theorem below.

Theorem 4.13. Let A € C™™ a Hermitian, positive-definite matriz, ©(©) € C" such that
0 =p— A2 s of grade d with respect to A.

Then the sequence (a:(k)) defined by Algorithm 4.3 is the conjugate gradient algorithm
characterised by ||z — z,]|4 = min, e 0) 4k, (4,00 |12 — Ts|la where @, is the solution to
Az, =b.

The algorithm stops after d iterations with the exact solution: z'Y = z,. The family of
residuals (r(j))ogjgk,l defines an orthogonal basis of Kj(A,7) for each 1 < k < d and
(pj)o<j<k—1 s an A-orthogonal basis of K (A, 7)) for each 1 < k < d.
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Algorithm 4.3 Conjugate-gradient algorithm

function CG(A, b,z g.)
po=10=b— A2 k=0
while [|r*®)|| > e, do

k=k+1

=12
Pr—1ApK—1)

x(k) = :[j(k_l) —+ Ok—1Pk—1
rf) = =) —qp  Appy

Qp—1 = 7

_ rwl®
flrk—1ll?
DL = r(k) 4 WEPk—1
end while

return z(%)
end function

4.2.3 Convergence of the CG algorithm

Using the mathematical characterisation of the CG algorithm, we can estimate the speed of
convergence of the CG algorithm.

Recall that z*®) is defined by ||z*) — z,|[4 = MmN, e 004 10, (4,0 [[2 — Tlla. Let z €
20 4+ i (A, (), by definition of the Krylov space Ky (A, (), we can write

k-1
z =20 4 Z GATO (Go<ick1 € CF,
=0

thus

k—1
=z =20 — 2+ GAT (@O —2,) = 6(A) (2 - x.),
i=0
where ¢ is a polynomial such that ¢(0) =1 and deg¢ < k.
The minimisation problem becomes

Jo® —z.a= min e(A) @ —2.)]a

eCF[X]
¢(0)=1

= min [|AY26(4)(2® - 2.))|
$eCr[X]
¢(0)=1

= min_[l¢p(A)A7* (@ — x|
$eCr X
¢(0)=1

< min_|¢(A)] [ — 24| a.
$eCk[X]
$(0)=1

Since A is Hermitian and positive-definite, there is a unitary matrix U and a diagonal
matrix A with positive entries such that A = UAU*. The matrix norm of ¢(A) is then
lp(A)|| = maxi<i<n [¢(Ni)|. This gives a convergence result for the CG algorithm.
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Theorem 4.14. Let %) be the k-th iterate of the CG algorithm with A. Let0 < A\; < --- < Ay,
be the eigenvalues of A. Then we have

(k) _ < mi A [|2©@ — 4.8
x ZTe|la < min max INIES Zi|| A .
ol < min max (600 e~ (4.9
#(0)=1
Remark 4.15. If k = n, by picking ¢ as the Lagrange interpolation polynomial such that
#(0) =1 and ¢p(A;) =0 for all 1 < i < n, we prove that CG stops after n iterations.

It appears that it is convenient to relax maxj<j<y, |#(A;)| to maxy, <x<x, |¢(A\)| in order to
explicit a convergence rate of the CG algorithm.

Corollary 4.16. Let (%) be the k-th iterate of the CG algorithm with A and conda(A) the
condition number of A with respect to the 2-norm. Then we have

condy(A) — 1\

NOBSIY .
a)nd2(A)+1)|| Al (4.9)

Proof. We have ||z(*) — z,||4 < Min e orpy] MAXK; <A<, [B(A)] |29 — 2,][4 and we use the

#(0)=1
fact that the min-max problem has an explicit solution given by the rescaled Chebyshev

polynomial 2

Jo® — a4 < 2(

Ty (7’\1+’\"_2’\) cos (k: arccos (7)‘14"\”_2’\) )

An—X An—A
k )\n—>\1 k )\n—)\l
Then 1
min = max [¢(N\)| = ——.
HECF[X] M <A< A, " <>\n+)\1)
¢(0)=1 An=A1
Let k = % = condy(A), then

An + A1 _m+1_1<\/ﬁ—1+\/ﬁ+1>
VE+1  VE—=1/

AM—M k-1 2
We invoke another property® of the Chebyshev polynomials T},

T+ 1 1
Tk( 5 m) :§(Jck+a:_k), Vz € R.

So we deduce

n(E) MR (R = HE

-1/ 2\\/r+1 Ve —1 VE—1

Thus we obtain

—_ k
min - max |¢(A)]§2<\/E 1) .
$eCFX] M <AL, VE+1
$(0)=1

2the Chebyshev polynomial of the first kind are defined by T} (cos(6)) = cos(kf), for 6 € [0, ].
3by definition, the equation is true for z = ¥, thus it extends to any complex number.
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Remark 4.17. For the steepest gradient algorithm, we had

_ k
%) |2 — 2.l a.

(k) <
lrge — 2alla < <C0nd2(A) +1

Asymptotically, the convergence rate obtained for the CG algorithm is much better than the
one for the steepest gradient, but still sensitive to an ill-conditioned matriz A.

Remark 4.18. We have proved that for 0 < a < b, we have

(320 25 ()

with k = g.

In the case where A has clustered eigenvalues 0 < A\ < -+ < A g K Apppr1 < ..., we
can improve the previous estimate by considering another relaxation of the min-max problem.
For k > ¢, we can choose ¢ € CF[X],¢(0) = 1 as ¢(\) = q(A\)d()), where ¢ is a polynomial
of degree at most k — £ with ¢(0) = 1, and g(\) = [T, (1 - /\%) i.e. the polynomial of
degree ¢ such that ¢(0) = 1 and g(A;) = 0 for n — £+ 1 < i < n. Now using that |¢(\)| < 1
on [0, A\p,—¢41], we have

min  max |¢(\)| < max |g(\;)]  min  max |p(\)]

qu(Ck[X] 1<i<n 1<i<n ¢€ick7€[)q 1<i<n—¢
#(0)=1 $(0)=1

< min max  |p(\)]

(beickfl[x] AM<A<A, ¢
#(0)=1
% . k—t
<2| =
=+l

The corresponding convergence rate is then

k—¢
)‘nfl
-1
A
||x(k) —zla <2 # ||$(0) — T 4. (4.10)
A1 +1

As 3\\—’11 > )‘KI_Z, the previous estimate is much better than (4.9). This explains the good

convergence properties of the CG algorithm in practice (see Figure 4.1).

4.2.4 Preconditioned conjugate gradient algorithm

It is often advised to use a preconditioner to solve Ax, = b to reduce the number of iter-
ations of the solver. A good preconditioner M € C™*™ is an invertible matrix such that
condg (M ~1A) < condz(A). Then solving M~tAz, = M~'b is significantly easier than the
original system. In our case, even if M is Hermitian, positive-definite, M ~'A is in general
not Hermitian. It is necessary to adapt the CG algorithm in order to incorporate the pre-
conditioner. If we assume that M is Hermitian, positive-definite, we can write the Cholesky
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L)
@ I -a, L
Upper bound for ¢ =1 ..
10 Upper bound for ¢ = 10 o
w0 ®e,
Upper bound for ¢ - 20 ..
——— Upper bound for £ — 30 [ ]
oo
1 1 1 Il ®
o] 20 40 60

Figure 4.1: CG convergence rate compared to various upper bounds (4.10)

decomposition of M = EE*, where E € C™" is a lower triangular matrix with positive
entries. Instead of solving M ~'Az, = M~'b, we can look at the symmetrised system

E'AE~™%, =E ' (4.11)

Note that we have x, = E~*Z,. For the preconditioned linear system (4.11), the CG algorithm
is the following (see Algorithm 4.4).

Algorithm 4.4 Transformed conjugate-gradient algorithm

function TCG(A, b, 20, ey, F)
po =70 =E"1— ETAE3") k=0
while ||7*)|| > ey do
k=k+1
7= 212

Ah—1 = G E-TAE—pr_1)
20 = 5D 4
7k =7 k=1) — oy EYAE P4
_ Al
[

Wi
pr =7 + wppr_1
end while
return E—*z(F)
end function

It is possible to simplify Algorithm 4.4 and get rid of the Cholesky matrices F and E*. To
do so, we are going to work with the variables *) = E=*z(*) and r*) = E#*) and introduce
a new variable dp = E~*pg. Note that since k) = g-1p — E_IAE_*i(k), we have that
rF) =b— AE7*7%) = b — Az,

We now reexpress the quantities appearing in the transformed CG algorithm 4.4 in the
variables z®), () and dj:

° ||,:(1<:)||2 = <f(k)’f(k)> = <E_1r(k),E_1r(k)> = (r(k),E_*E_lr(k)> = (,»(k)vM—l,n(k)>
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o 30 =30 4oy ypr g 2® =2*D 4oy B = 2% Y 4oy gdy

o ik = Fk=l) _ oy \ETYAE " & B = ¢=D) o JAE g = (D —
ap_1Adg_1

e D = f(k) + wppr—1 & dp = E_*’I:(k) 4+ wrdp_1 = M_lT(k) + widp_1.

It is thus possible to rewrite Algorithm 4.4 without F or E*.

Algorithm 4.5 Preconditioned conjugate-gradient algorithm

function PCG(A, b,z e, M)
r0 =b— Az dyg = MO k=0
while ||7*)|| > ey do

E=k+1
<T(k_1),M_1T(k_l)>

Ak—1 = (dg—1Adg_1)
k) = g(b-1) 4 ag—1di—1
rB) = p (k=) _ oy 1 Adj_q
(r0) ar=1,(0))
<r<k*1),M—1r(’°*1>)
dp = Mﬁlr(k) + wrdp_1

end while

return z(*)
end function

WE —

Compared to the CG algorithm, we need an additional linear solve of the system My = r(*)
at each step of the preconditioned CG algorithm. Usually M has a simple structure (i.e.
diagonal or block-diagonal) such that the linear solve is cheap compared to the total cost of
the preconditioned CG algorithm.

Remark 4.19. We can check that the iterates that are produced by the preconditioned CG
algorithm satisfy:

o (r®)) are M~'-orthogonal, i.c. Vi # j, (r®, M~1r+0)) = 0;

e (dy) are A-orthogonal, i.e. Vi # j,(d;, Ad;) = 0.

4.2.5 Conjugate gradient algorithm in the XXI%* century

The CG algorithm has become the reference method to solve linear problems with hermitian
positive-definite matrices, as it combines all the advantages of a numerical method. The
numerical convergence is fast, and is fully understood from a theoretical point of view. The
algorithm is numerically stable, and requires minimal memory. Finally it is straightforward
to use any preconditioner with CG.

4.3 GMRES

The generalised minimal residual (GMRES) algorithm is a popular iterative method to solve
the linear system Ax, = b when A is invertible and non-Hermitian.
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Contrary to the CG algorithm studied previously, GMRES does not have a short-term
recurrence. This stems from the fact that we do not have the simplification of the Arnoldi
algorithm for general matrices.

4.3.1 The mathematical characterisation and the minimisation problem
Recall that GMRES is mathematically characterised by
r®) = — Az® | AK,(A, ),

or equivalently

Ir®| = min b — Ax]|. (4.12)
w0+, (Ar®)
Let (vy,...,v;) be the Arnoldi vectors forming an orthonormal basis of Ky, (A, () and satis-
fying
AV = Viep1 Hyy,
r(0)
T
with ] ]
h11 . hlk
ha1 :
Vi = [v1,... 0], and Hyy = e Clk+1)xk

hi k-1 hik
Pgey1 k|

A vector z € (0 + le(A,T(O)) can be expressed as z = 20 + Vjty, for some t; € C*. The
minimisation problem (4.12) becomes

) = min, ) — AVt

t,€Ck

= min [|[[rO(Vitrer — Vi Hygti|
t,€Ck

= min [V (Ir@ler — Hygta)|
t,€Ck

= min [[Ir®ler — Hytl, (4.13)
t,€Ck

where we have used that Vi1 has orthonormal columns. The last equation is a mean square

minimisation problem. The standard way to solve such a problem is to write the so-called QR
factorisation of Hy,,.

4.3.2 The QR factorisation

Theorem 4.20. Let H € C™*™. Then there exist Q@ € C"™*™ unitary (i.e. Q*Q = QQ* =
idy, ) and R € C™*™ upper-triangular such that H = QR. Such a factorisation is called a QR
factorisation of H.
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Proof. The theorem is proved by induction on the dimension n.

Forn =1, H € C™*! so we can pick Q = [”—gH Q"] where Q* has columns which are
an orthonormal basis of {H}*. Then H = Q [HI(_)IH]

Suppose that for any G € C"™*", we can write its QR factorisation and let H € C™>(+1),
Write H = [Hy ], with H; € C™*™ and v € C™. By the induction hypothesis, we have
Hy; = Q1 Ry where (1 € C"™*™ is unitary and Ry € C™*" is upper-triangular. Let

Wn+1
w=QeC™ and w1 = : = 2R,
Wm
. .. . id, O
where wp41.m = Q2R2 is a QR factorisation of wy41.,,. Then setting Q@ = Q1 0 0 and
2

R= [Rl wlm} , we check that
Ry
(Rl)l:n W1:n W1:n
QR =@ [ 0 OsR, Q1| R1 Wps 1o (@R Qiw]

O

In general, the QR factorisation of a matrix H is not unique. The QR factorisation is a
useful tool to characterise the solution to a least-square problem.

Proposition 4.21. Let H € C™*™, with m > n, be a full-rank matriz and H = QR a QR
factorisation of H. Let Q1 € C™" and Qo € C™ (M=) guch that Q = [Ql Qg]. Let

Ry € C™™ be such that R = [](%)1} . Then Ry is an invertible matriz and for any b € C™ then
min [|b— Hz|| = [|b - Ha|l = (@ b)n+rim],

where T = RN Q)1 and (Q*D)1m € C", (Q*b)ny1m € C™ ™ are such that Q*b =
(Q*b)n-i-l:m

Proof. Denote by (hi,...,h,) (resp. (qi,...,qm)) the columns of H (resp. of Q). Then we
want to show that for 1 < k < n, we have

Span(hi,...,hg) = Span(qi,...,qx), and rgg # 0.

For all 1 < k < n, we have hy, = Zle qiTik, thus we have Span(hi,...,hy) C Span(qi, ..., qx)
but (hi,...,hx) is a free family since H is full-rank. Hence we have Span(hy,..., h;) =
Span(qi, ..., qx). I rg = 0, this would mean that hy € Span(qi,...,qk—1) = Span(hi,...,hg—1)
which is in contradiction with H being full-rank.

For the least-square problem, we have

. . . R .
b— Haz|| = b— = H b — )—_
min | 2l = min b - QRxl = min @ [o]x 2eCn

il
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Q*b— {Réx] H > (Q*b)n+1:m || and the minimum is attained

We directly have that mingeccn
for z, = Rfl(Q*b)lm. m

Remark 4.22. With the notation of Proposition 4.21, we have H = Q1 Ry, which is called a
thin QR factorisation of H. For the QR factorisation, R has the same shape as H but for the
thin QR factorisation, it is QQ which has the same shape as H. If H is full-rank, then one can
prove that the thin QR factorisation is unique.

4.3.3 The GMRES algorithm

We are now solving the minimisation (4.13) by using a QR factorisation of H;; = QpRy,
Qp € CHRHDx(+1) and Ry, € C*+*xk I this case, using Proposition 4.21, Equation (4.13)
becomes

min [|[r?er — Hyyte| = min [[[|rler — QuRytil| = min [|[|r©]|Qfer — Rit]-
Ck t,eCk t,eCk

Ry is upper triangular, so we have Ry = [}éﬂ and denoting ||7’(0)”Q7;61 = [ng ] with
k+1
gr € CF 441 € C, we see that t;, € CF solves Ektk = gr. Moreover we have

IO = iy [ les = Hygll = bl (1.14)
k

It remains to implement efficiently a QR factorisation of H,;. To this end, we are going to
use the fact that H;; is an upper-Hessenberg matrix and that we can do a simple update of
the QR factorisation of Hy_, ;_;. Indeed we have

mmﬁlhw}

(k)
Hkk:|: ! [Qk—le—l h

hk-l—l,k 0 hk+1,k ’

where hyy1, € R (see Proposition 4.8) and h*) e Ck. Consider Qj, defined by

c%zﬁglﬂm, (4.15)

where Q, € CAH+Dx(E+1) jg some unitary matrix fixed later. Then we have

Ry Qzlh(k)]

WQpH e = Q4 [ 0 Bt

We simply need Q to cancel the (k+1, k) entry of the above matrix. Let hk) = Q;_,hM) e C*k,
and let

idg 1
QF = . 4.16
: . (116
—Sk  Ck,
with (&)
h,’)* h
. = Uy ) and s = Sk . (4.17)

k ’ &
VIR R+ IR+ B2
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By a matrix multiplication, we can check that Ry = Q;Q; H,, is upper triangular, and R}, is
given by

A
Re= | Bt T @ gtk (4.18)
0 0

We are now in position to write the GMRES algorithm 4.6.

Algorithm 4.6 GMRES

function GMRES(A4, b, 2(9), gy
r0 =p—A20 k=0
while Hr(k)H > gio1 dO
E=k+1
Compute v, of the Arnoldi algorithm 4.1 for A with v = 7(©)
Update Q) according to Eq. (4.15), (4.16) and (4.17)

Compute [ 9k ] = HT(O)HQZel
VE+1

Set [|r®) || = yppa]
end while

Compute t; = ﬁ;lgk, where Ry, = {%’“] and Ry given by Eq. (4.18)

return z(9 + Vit
end function

Note that in GMRES, only the last approximation z®) to the solution x4 to the linear
equation is computed. Indeed, at each iteration, we just need to estimate the residual which
is given by Equation (4.14). Concerning the cost of GMRES, at each step, one step of Arnoldi
algorithm has to be performed, which costs one matrix-vector multiplication, and k scalar
products. The matrix @ needs to be updated, but this cost is negligeable. However, in terms
of storage cost, all the Arnoldi vectors (v1,...,vy) have to be kept for each iteration. This is a
serious limitation to the algorithm and in practice, a full GMRES by keeping all the Arnoldi
vectors is not advisable, especially if the convergence is slow.

4.3.4 Restarted GMRES

The idea is to limit the number of Arnoldi vectors to K and restart a GMRES run from the
latest GMRES iteration.
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Algorithm 4.7 Restarted GMRES(K)
function GMRES(A, b, 2, ¢y, K)
0 =p— A2
while ||| > £, do
Compute (v1,...,vx) the Arnoldi vectors of Algorithm 4.1 for A with v = r(0)
Update Qi according to Eq. (4.15),(4.16) and (4.17)

9K 0 *
Compute = ||r(© e
P ['YK—H] | ||QK 1

Set [IrV] = |41

Compute ty = E}ng, where Ry = [PE)K] and Ry given by Eq. (4.18)

20 = 20 4 Vit
end while
return z(©)
end function

The storage cost of the restarted GMRES scales as the number of Arnoldi vectors stored
at each step of the algorithm. Note that contrary to GMRES, we have no guarantee that
the algorithm converges after a finite number of iterations, although the residuals are still
nonincreasing, due to the mathematical characterisation of GMRES (4.3).

Remark 4.23. Let A € C™*"™ be given by

0 0 (7))
A= |1 , (4.19)
0 Op—2
1 an

where (o, - .., an—1) € C". The characteristic polynomial of A is given by P(\) = det(Aid —A) =
A — Z;é ap\¥, thus the coefficients can be chosen to have any eigenvalue distribution. Then
for any b € C", the restarted GMRES with z(©) = A~Y(b — e1) does not converge, except if
K = n. In fact, the residual is constant r®) = r(©) for k < n — 1. This shows that there is
no hope to give an accurate characterisation of the convergence of GMRES solely based on the
spectrum of the matrix.

In practice, it is customary to take K = 20 and in general, a larger K improves the
convergence of the restarted GMRES algorithm.

Remark 4.24. The latter comment is a geneml advice but counterexamples exist to this rule of

111 0
thumb. Let A= |0 1 3| andb= —4 , then for 0 = 0|, restarted GMRES converges
0 01 0

after three steps for K =1 but does not converge for K = 2.
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4.3.5 Convergence of GMRES

Convergence results on GMRES are less powerful than for the CG algorithm. An attempt
consists in following the same steps as in the convergence estimate of the CG algorithm:

Ir®) = min [b— Az
2€x(0) +/C (A,r(0)

= min [r®— Az
ZEIC]C(A,T(D))

= min_{l¢(A)r?].
¢eC[X]
$(0)=1
Since A is no longer Hermitian, we have to resort to another decomposition of the matrix
A, namely the Jordan decomposition which is recalled in the next proposition.

Proposition 4.25. Let A € C™" and (A1,..., ) be the distinct eigenvalues of A. For

Ao 1
1<, let Jy, = R € C"*™ be the Jordan blocks, where Y ;_;ng = n.
. 1
/\g_
Then there exists Y € C™"*™ jnvertible such that
—J,\l
A=Y YL (4.20)
I Ix,

This is the Jordan decomposition of A and if the columns of Y are of norm 1, it is unique up
to the permutations of the Jordan blocks and rotations in the Jordan blocks.

Using the Jordan decomposition of A, we have

¢(J>\1)
|7*)|| = min ‘Y Yﬁlr(O)H
$eC[X]
$(0)=1 ¢(Jx,)
<Yy =@ :
< YY"l ||¢mll["1 Beved [&(x)l
$(0)=1
I
Proposition 4.26. Let A =Y Y~ be a Jordan decomposition of A, and
I,

r*) be the k-th residual of the GMRES algorithm 4.6. Then

®)| < 11,0
e < Y YY) ml?}lrggg [6(Ix,)l-

s

If Y isill-conditioned, the bound given is meaningless. Consider the matrix A = tridiag(—a, o, —1) €

e}
R™" with o € R, > 1. The eigenvalues of A are o — 2cos( ) for 1 < j < n and the
associated eigenvectors are y; = ng T for 1 < j < mn where (z;) is some orthonormal basis of

" and D = diag(c, ..., a"). The conditioning of Y then scales as a”, but || || < ||r©|].
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4.3.6 Beyond GMRES?

The bottleneck of GMRES is the Arnoldi algorithm and in particular, the absence of a short
recurrence in the Arnoldi algorithm for a general matrix A.

A natural question to ask is whether the Arnoldi algorithm is a good starting point to
derive a short-term iterative linear solver. In other words, for a given matrix A, is there an
(s + 1)-term recurrence of the form

28 = D) | g kD)
s—2
B y (4.21)
p? = ApF=D =N ),
j=0

with z(© € C" and p© = r(© = p — A2 which stops after m < n iterations at the exact

solution z, to Az, = b, for a well-chosen set of coefficients (ax)o<k<m—1 and (Bx—1.j)o<k<m—17
0<j<s—2

By Eq. (4.21), the error e, = z®) — 2, satisfies er = €ep_1 +ak,1p(k_1). Hence by iteration,
er € eg + Span(p(o)7 .. ,p(k_l)).

The error e is thus minimised when e L Span(p(o), . ,p(kfl)), thus <ek,p(j)> = 0 for all
0 < j <k —1. This gives in particular for j =k — 1

_ <p(k_1)7ekfl>
Ah—1 = (pt—D), plk=1))"

and for 0 < j < k — 2, we have

0= (pW,ex) = (P, ex_1) + ap_1 (pW, p* D) = ay_y (p?, p*=D),

k=1=7) for

This means that if ax_1; # 0, we can enforce the orthogonality of the vectors (p

0 <j < s —2 by setting the coefficients (5y—1 j)o<k<m-—1 such thatt
0<j<s—2

(p=1-9), Aplk-1))
P15 = (ph=1=3) plk=1=5))"

This motivates to restrict the search of a short-term iterative linear solver to the following
class of sequences.

Definition 4.27. The sequences (z*)), (p*)) defined by Equation (4.21) such that for any
b e C", there is m < n such that (™ solves Az\"™ = b and (p*=1=9) p()) =0 for 0 < k <
m,0 < j <s—2 are called an (s + 1)-term CG method.

Remark 4.28. Notice that the vectors (p(k))ogkgm are not orthogonal, hence they are colinear
with the Arnoldi vectors defined in Algorithm 4.1.

We have a characterisation of the class of matrices which have an (s+1)-term CG method.

Theorem 4.29 (Faber, Manteuffel (1984)). An (s+ 1)-term CG method exists for the matriz
A if and only if either
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1. the minimal polynomial of A has degree less than s;
2. A* is a polynomial of degree less than s — 2 in A.

Notice that for s + 1 = 3 and assuming additionally that A is Hermitian positive-definite,
a small modification of the CG algorithm 4.3 would be a solution to the Faber-Manteuffel
theorem.

Proof. We are only going to prove the converse, as the proof of the implication is quite involved.

First, assume that the minimal polynomial of A has degree less than s. Let (z(*)), (p(*))
be the sequences defined by Eq. (4.21). By induction, we see that for all 1 < k < s,
(p©, ... ,p(’“_l)) is a basis of Span(r(o), Ar©) , AF=1:(0)) | By induction, we also have that
z®) = 2(0) 4 Z;‘:& ajp(j), thus we can choose (a;)o<j<s—1 and (B j)o<k<s—1 such that

0<j<s-2
”b — Ax(k)H — min HT(O) _ Az(k)||
2(F) eSpan(p(0),... p(k—1))
p(k) €L Spa‘n(p(k_5+1)7 s 7p(k_1)).
In particular for k = s, we have that
16— Ag:(S)H = min HT(O) - Az(s)”

z(s)eSpan(pm)w,,’p(S*l))

—  mi 0) _ 4(A)©)
peiiin [ = o (A)r™ ||

_ o)
¢§c1i?X] [o(A)r™ |
$(0)=1

Choosing ¢ as the minimal polynomial such that ¢(0) = 1 shows that Az(*) =b.

Now assume that A* is a polynomial of degree less than s — 2 of A. We will first prove by
induction that if (p(j))ogjgk are orthogonal vectors, then (pU ))0§j§k+1 are also orthogonal.
For the initialisation, we know that for k£ < s — 1, choosing (8x—1 j)o<j<s—2 such that

(p9), Ap*—D)
Bkil’j - <p(k_1_j)7p(k_1_j)>

ensures that (p@ pl)) =0 for 0<i#j<s—1.
For the mductlon step, let us assume that (p (g ))0<]<k are orthogonal vectors. We already
know that by setting (8 j)o<j<s—2 such that

(p*=7), Aph)

Py

we have that p**t1) 1 Span(p*—5+2) ... p(*) For i <k — s+ 1, we have from Eq. (4.21)

(p®, pHy — (p® Ap(k)y Z Brs (0@, ph=9y.
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By the induction assumption, (p(, p*=9) = 0 for 0 < j < s — 2. Now (p®, Apk)) =
(A*p® p(k)y " By assumption, A* = gs_o(A) for some polynomial g,_» € C*~2[X]. Thus
A*pl) = g, _o(A)p™® € Span(p®, ..., pli+s=2). But i+s—2 < k— 1, thus using the induction
assumption (gs_2(A)p®, p¥)) = 0. This shows that (p®, pk+1)) = 0.

Notice that Span(p(?,...,p"*)) c Span(r®, ..., A¥r() but by orthogonality of the vec-
tors (p(o), o ,p(k)), we deduce that Span(p(o), . ,p(k)) = Span(r(o), R Akr(o)). Since z(¥) =
20 + Zf:_ol a;ip™, by selecting o = —(p®, 2O — z,). we have that (z*)) converges to z, in
at most n steps. This finishes the proof. O

The Faber-Manteuffel theorem essentially states that for a general matrix A, there is no
equivalent to the conjugate-gradient algorithm solely based on the Krylov space i (A, r(o)).
This means that we need to look for another construction to define a short-term recurrence
for the iterative method.

Going back to the essence of the conjugate-gradient and GMRES methods, it is reason-
able to look for alternatives to the Arnoldi/Lanczos algorithms that would give a short-term
recurrence for any matrix.

One way to achieve such a short recurrence is to relax the orthogonality constraint on
the Arnoldi vectors (vi,...,vx) while remaining a basis of Kx(A,v). The new constraint is
to build a family of vectors (wi, ..., wy) which is a basis of (A", w) and also a dual family
to (vi,...,vx), te. V1 < i,j < k,(ws,v;) = ;5. This gives the non-Hermitian Lanczos
algorithm 4.8.

Algorithm 4.8 Non-Hermitian Lanczos algorithm

function NONHERMITIANLANCZOS(A4, v, w, k)
vo=wp=0,p =0 =0

VL= o W1 = T
for j=1,...,k do
v = (wj, Avj)

Ujt1 = Avj =705 = Bjvj
fﬁjJrl = A*wj - y;wj - 5jw];1
6501 = [5y41]
if 5j+1 =0 then
Stop
end if
Bj+1 = (vj41,Wj41)
if B;41 =0 then
Stop
end if

_ Wi
Bi+1

Wj+1
end for
return (vy,...,vx), (wy,...,wg)

end function

For the non-Hermitian Lanczos vectors, we have the following properties.

Proposition 4.30. If there is no breakdown in Algorithm 4.8, ie. for all 1 < j < k —1
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Vjt1 # 0,Wj41 # 0, Bj41 # 0, then we have

AVj, = Vi Ty + S1vpt1ef,
AWy, = Wi, Ty, + Bry1wir1€

(4.22)
WAV, =Ty,
WiV, = idy,
11 Be
where Vi, = [vl vk] , Wy = [wl wk] and Ty, = 02
Bk
Ok Yk

It is possible to derive an iterative method as a projection process, using the non-Hermitian
Lanczos to define a basis for the Krylov subspace. This yields the biconjugate gradient method
(BiCG) which by construction enjoys a short recurrence but does not preserve the relations
between the search space and the constraint space for the residuals. The non-Hermitian
Lanczos algorithm has two types of breakdowns:

e when vj1; = 0 or w;4; = 0: this is related to a stagnation of the corresponding subspace,
which means that we have reached convergence in the projection process;

e when Uj41 # 0,Wj41 # 0 but (Uj41,Wj41) = 0: this is called a serious breakdown
as we do not have a stable Krylov subspace under A, and so we do not have reached
convergence in the iterative algorithm. This can happen for well-conditioned matrices
which indicate that it can happen generically.

5 1 -1 0.6 0.6
Remark 4.31. Let A= |-5 0 1 |,v1=|-14| andw, = | 0.3 |. The eigenvalues of
1 0 1 0.3 -0.1
1.5 1.8
A are 1,2 and 8 and vy = % —2.5], wyg = % 0.6 . The vectors v and wq are orthogonal
1.5 —-0.8

although the matriz A is well-conditioned.

4.3.7 GMRES in the XXI%* century

GMRES has become the method of choice for solving nonhermitian linear problems. However,
compared to CG, GMRES suffer from some drawbacks:

e theoretically, there is no fully satisfying explanation of the convergence behaviour of
GMRES as the upper bounds are often much more pessimistic than what is actually
observed;

e in practice, one would often use restarted GMRES (or one of its variants), but again,
the behaviour of the algorithm with respect to the restart parameter is rather unclear.

Excellent references on that topic are the monograph [LS12] or the book by Y. Saad [Saa03].
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Eigenvalue problems

In this chapter, we are interested in the symmetric eigenvalue problem
Solve for (u,z) € R x (R™\ {0}), Az = pa, (5.1)

where A is assumed symmetric.

Contrary to the linear solve case, where there is an explicit algorithm to solve the linear
problem Ax, = b, for n > 5, by the Abel-Ruffini theorem, there is no algorithm that computes
the eigenvalues of A that stops after a finite number of operations. Otherwise, it would be
possible to find the roots of a polynomial of degree n within a finite number of operations.
This means that the methods to compute the eigenvalues of a matrix have to be iterative.
We start with algorithms which approximate the eigenvalues of a matrix using single vector
iterations.

5.1 Single vector iteration methods

5.1.1 Power iteration

Suppose that the eigenvalues (p;)1<i<n of the matrix A are ordered such that

ial > ltna] = - = |pul. (5.2)

T

For a starting vector z € R", consider the sequences (y*)) and (A¥)) defined by y(©) = TeT
and A(O) = (50 4y and for m > 1
§™ = Ay(m=1)
;(m)
(m) _ Y
Y= (5.3)
15|

Am) — <y(m),Ay(m)>.
By iteration, we see that y("™) = Hﬁ”#i\\'
Expanding z in the basis of the eigenvectors (g;)1<i<n of A, we have

T = Zaiqi, a; € R, (5.4)
=1

63
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thus assuming that o, # 0

n—1
A" — (qn + Z o (an) q> (5.5)
=1

Since ’/’j—; < 1lforl <i<n-—1 A"z tends to be aligned with the vector ¢, i.e. the

eigenvector associated to the eigenvalue with the largest magnitude.

Algorithm 5.1 Power method
function POWERMETHOD(A, x, €¢01)

y0) = H%I
A0 — <y(0)7 Ay(0)>
m =20
while [|Ay(™ — XMy (M| > ¢} do
m=m++1
§m) = A}(J:)nfl)
y(m) = ”;'(77”)“
) = (M) - Ag(m))
end while

return (A(™) y(™)
end function

Theorem 5.1 (Convergence of the power method). Let A € R™ ™ be a symmetric matriz.
Let (11i)1<i<n be its eigenvalues and (q;)1<i<n be the corresponding orthonormal eigenvectors.
Suppose that the eigenvalues satisfy Eq. (5.2) and p, > 0. Let x € R™ such that (x,q,) > 0.
Then there ezists a constant C > 0 such that for all m > 1

m

Iy = aall < O F ] (5.6)
and
2m
A | < c(“;* (5.7)

Proof. From Eq. (5.5), we have

Jama)? = |

n—1
T (qn +) 072 (i> Qi> ’
i=1

Hn

-1
ot (1+ 3|2 ()
- n

" i—1  Gn M

= lonp 2 (14 O(En=L 2m>.
it P (14 0(72)
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Thus we have

AMyg
_ M)y = __a
nil
Qifig " g

 diA™ ] = onpanll | =1

- |A™|| | A™ ||

<C Hn—1 m7

Hn

for some positive constant C' independent of m.
For A\(™) | we first notice that |g, — y™||? = 2 — 2(gn, y™). Thus we have

(@n — ¥, Algn — y"™)) = (gn, Agn) — 20y, Ag) + (y™), Ay™)
= MUn — 2#n<y(m)7 Qn> + A(m)
= AU — = 2 (1 = (4™, qn))
= A0 — = |y = gl
We deduce the bound

2m

Hn—1
AT~ pn] < Ll g™ = @all? +an = 5™, Algn ~ 5™ < 2luallly™ = gall* < €| ;
n
(5.8)
O
Notice that the eigenvalue converges at a rate which is twice faster than the eigenvector.

This is a result which also applies in general.

Remark 5.2. The power iteration also converges when A is diagonalisable (not necessarily in
an orthonormal basis) under the assumption Eq. (5.2) on the eigenvalues.

The convergence of the power iteration is sensitive to an eigenvalue that is close (in mag-
nitude) to the dominant one p,. In particular if p,—1 = pu,(1 —€) for € > 0, then

Hn—1
=1-—c¢. 5.9
- 5:9)

The convergence rate of the power iteration method in that case can be written

67 = gall < CL = and ]\ — | < C(1 = 2™

5.1.2 Inverse power iteration
Assume now that the eigenvalues of A are ordered such that
0 < Jp| < Izl < -+ < lual- (5.10)
Applying the power method to the matrix A~! gives the following sequence
gl = A~ 1ym=1)

y(m = i (5.11)



66 CHAPTER 5. EIGENVALUE PROBLEMS

where y(©) = ”i and M0 = <y(0)’ A—ly(0)>.

x|
By Theorem 5.1, ()\(m),y(m)) converge to the eigenpair corresponding to the dominant
eigenvalue of A~!, thus (1711’ q1)-
The formulation in Eq. (5.11) is not interesting in practice as it would require the knowledge
of the inverse A. However, by introducing the appropriate intermediate variable, it is possible
to replace A~! by linear solve at each step.

Algorithm 5.2 Inverse power method

function INVERSEPOWERMETHOD(A, x, ¢,)
0) — =z
Y= Tall
20 solves Az(©) = y(0)
A0 = (5(0) 4,0

m=20

while [|y(™ — A Ay(™)|| > ) do
m:m+(1 ,
Y™ =

2(M) solves Az(™) = y(m)
A(m) — <y(m)7x(m)>
end while
return (ﬁ,y(m))
end function

The sequence defined by Algorithm 5.2 is mathematically equivalent to applying the power
iteration to A~! but requires only a linear solve per iteration of the while loop. We have by a
simple consequence of Theorem 5.1 the following convergence for the inverse power iteration
method.

Theorem 5.3. Let A € R™" be an Hermitian matriz. Let (u;)1<i<n be its eigenvalues
and (gi)1<i<n be the corresponding orthonormal eigenvectors. Suppose that the eigenvalues
satisfy Eq. (5.10). Let x € R™ such that (z,q1) > 0. Then there exists a constant C > 0 such
that for all m > 1

\Mm—mHéd@ﬂ, (5.12)
H2

and
2m

‘Mm_”ﬂgcgﬂ (5.13)

5

Again the convergence of the inverse power method is slow if the ratio is close to 1.

In this case, if we have a good guess ji; # p1 to the exact eigenvalue, we can apply the
inverse power method to the matrix A — [i; id,, which satisfies
1 — fin| < Jp — | < - < pn — fia]-
Hence the inverse power iteration converges much faster for A — fi; than for A.

Remark 5.4. Shifting by o € R the matrix A can also be used to target a specific eigenvalue
i of A.

Indeed let o such that |p; — o| < |uj — o| for all j # i. Then we have that the inverse
power iteration applied to the matriz A — oid converges to the eigenvector q; of A.
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5.2 Krylov methods

We will assume here that A is Hermitian with eigenvalues
P < S i (5.14)

Inspired by the iterative solver case, we expect a Krylov method for linear solvers to con-
verge faster to the exact eigenvalue than a single vector iteration. In that case, the approximate
eigenvector is sought in a Krylov space Kp,+1(A4,y). If we are interested in the largest eigen-
value p,, it is natural to start from the variational characterisation of the eigenvalue (see
Proposition 1.12)

_ (y, Ay)
fin, = MAX 5
yer™ ||y
y#0

and restrict the maximisation problem to the Krylov space K,,+1(4,y)

\(m) (y, Ay)

= max 2
yEICm+1(A7y) HyH
y7#0

By the restriction, we necessarily have g, — \(™ > 0.
The Arnoldi/Lanczos algorithm (see Proposition 4.8), as A is symmetric, provides an

orthonormal basis (v1, ..., Upt1) of Kpi1(A,y) such that V2,1 AViyy1 = Tyt where Vipqq =
[01,..., omp1] € R (m+1) and Tppyeq € ROMHDX(Mm+1) g tridiagonal. Using this basis, we can
write
)\(m) _ max <yvAy> — max <Vm+1thVm+1t> — max <t7 an":—i-lAVm'Ht) — ma <thm+1t>
vekma(Ay) [lyll*  rermr |[Vingat||? teRm+1 il termtt |||
y#0 t#0 t#0 40

We deduce that A(™) is simply the largest eigenvalue of T}, 1. Since T),41 is tridiagonal and
smaller than A, it is reasonable to expect efficient eigenvalue solvers for such matrices. Let
tm+1) ¢ RM+1 4 normalised eigenvector associated to T, 1t 1) = Xm¢(m+1D) then the
approximate eigenpair using the Krylov subspace is (A(™), V;,,,1¢(™+1)) The corresponding
procedure called the iterative Arnoldi algorithm is summarised in the Algorithm 5.3.

Remark 5.5. In the iterative Arnoldi algorithm 5.3, we can by-pass the estimation of the
residual || Ay™ — A0y using that 4™ = V,,,t(™) and that

Ay(m) Ny ) Z Ay ) oy g T ),

Thus || Ay(™ — X(m)y(m)|| = \tm+17mHt§,T)|. To avoid the computation of the largest eigenvalue
of T, it is also possible to just use the coefficient ty,1,m of the Arnoldi/Lanczos algorithm
in order to estimate the residual.

Theorem 5.6. Let A be a Hermitian matrix with eigenvalues pq <« < pp—1 < pn. Let g, be
an eigenvector associated to . Let ()\(m),y(m)) be the result of the iterative Arnoldi algorithm
for which=largest (Algorithm 5.3) starting with the vector y. Assume that {q,,y) # O.
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Algorithm 5.3 Iterative Arnoldi algorithm

function ITERATIVEARNOLDI(A, y, £41; which = {largest, smallest})

y© = L

A0 = ((0), 440

m =

while || Ay(™) — XMy ()| > ¢ do
m=m-++1

Compute V;,, € R"*™ T, € R™*™ of the Hermitian Lanczos algorithm 4.2

Compute the which eigenvalue A7) and the eigenvector tm) of Hyp = Vo AV,

y(m = v, t(m)
end while
return A(™) y(m)

end function

Then there exists a constant C' > 0 independent of m such that the error on the approzimated

eigenvalue \™) given after m steps of the iterative Arnoldi algorithm is given by

— — 1\ 2m
0< u, — \m < Hn = 11 < 4C (pn, — (\/E ) ,
= T (24%—%771‘“1)2 =t ) VE+1
m HPn—1—H1
where Ty, is the m-th Chebyshev polynomial of the first kind and k = %

Proof. The approximate eigenvalue A™) is characterised by

) = max (@, Av)
2€kmi1(Ay)a£0 (T, )

)

hence
D e R i G )L
n 2EKm+1(A,y),2#£0 <1;, :1;>

(5.15)

(5.16)

Using that Kp1(A,y) = Kpgi(pn — A,y) = {P(A)y, P € C"[X]} = {P(un — A)y, P €

C™[X]}, we have that

(m) _ (Pin = A)y, (pn = A)P(pn — A)y)

n— A = min
a 0#£PEC™[X] (P(ptn — A)y, P(pin — A)y)

Expanding y in the orthonormal eigenvector basis, we have y = Y " | a;¢;, thus

n—1
'221 |O‘i(:un - ,Uz')P(Mn - Ni)|2
1=

pn = A = AR« n
O m
Arecmix] 3 JaiP(un = )

(5.17)

(5.18)
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We thus obtain the upper bound

n—1 9
Xl = )
1=

_\m _ :
pn, — A" < (pp, — p1)  min —
AP S i P (i — )2
=1
n—1 9
> i Py — p4)|
. =1
o£petmx]  |anP(0)2

n—1 9
> ol
i=1

< (Mn - Nl)

. | P(pn — Mi)’Z
< — —_—— min max —————5 —
< =) B 0 A 2 PO
We can relax the min-max problem to
Pty — i)
min max 1P Ctin = i) | <  min max |P(u)|%
0#£PeCm([x]1<i<n—1  |P(0)[? PEC™[X] pin—pin—1<p< ftn—pi1

P(0)=1

We recognise the same min-max problem that is solved by a shifted and rescaled Chebyshev
polynomial 7}, (see Remark 4.18):

1 —1\2m
min max |P(u)|* = 5 < 4<\/E ) )
Pe(Cm—l[X] o —pn—1 <p<fin—p1 T b, — b —1— 1 \/E +1
P(0)=1 m—l Hn—1—H1
with x = Hn—fL O
Hn—Hn—1

Remark 5.7. The convergence of the Arnoldi process is also sensitive to pn—1 close to puy,.
However, as in the linear solver case, the situation is better for the Krylov solver. Suppose
that 1 < i and pip—1 = pn(1 —€) for some 1> e > 0. Then we have

1k

Hn — 1 Hn 1
R = = Tin—1 ~ —,
Hn — Hn—1 1- im €

Thus the convergence rate becomes

vE-L 1=VE Lk
VE+1 144/

Compared to the power iteration case (5.9), we have gained a square root in the convergence
rate.

A similar estimate can be obtained for the lowest eigenvalue of the matrix A, provided
that we now assume a gap between p; and ps, and that in the iterative Arnoldi algorithm,
the lowest eigenvalue is computed instead of the largest one.

Corollary 5.8. Let A be a Hermitian matrix with eigenvalues py < po < -+ < uy. Let q1 be
an eigenvector associated to py. Let (/\(m), y(m)) be the result of the iterative Arnoldi algorithm
which=smallest (Algorithm 5.3) starting with the vector y. Suppose that (q1,y) # 0. Then
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there exists a constant C' > 0 independent of m such that the error on the approximated
eigenvalue A\™) given after m steps of the iterative Arnoldi algorithm is given by

— — 1\2m
0<A <o T o (Y , 5.19
SRRy el (i =) (V1) (5.19)
m Hn— 2

where Ty, ts the m-th Chebyshev polynomial of the first kind and k = Z’;:ﬁi .

Proof. Apply Theorem 5.6 to the matrix — A.
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