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Introduction

These notes constitute a short introduction to the tensor train (TT) decomposition (also called
matrix product state - MPS), with a particular focus on solving the many-body electronic
Schrodinger equation. The beginning of TT can be tied to the density matrix renormalisation
group [Whi92] (DMRG), although the connection with the TT/MPS ansatz has been made
a few years later. Originally, DMRG has been applied to one-dimensional statistical physics
systems with tremendous success, becoming the state-of-the-art numerical method to compute
ground-state and low-excited states properties. It has then been tested for two-dimensional
systems, where the question of the geometry of the tensor train, or the ordering of the sites has
been difficult to overcome. It has also been successfully applied to quantum chemistry systems
-with the name QC-DMRG (quantum chemistry-DMRG)-, where the question of the ordering
of the sites is at first glance unclear.

The first part of the lecture notes is devoted to the electronic Schrédinger equation in the
second quantisation and the introduction of the tensor to approximate.

The tensor train decomposition [OT09] is presented as a generalisation of the singular value
decomposition for matrices, which is central in the characterisation of the low-rank approxima-
tion problem.

As quantum entropy is central in the ordering scheme for QC-DMRG [BLMR11|, we in-
troduce several notions of the quantum entropy as well as the connection with the TT/MPS
approximation.

Finally, we address two points that explain the success of DMRG:

e Hastings area law [Has07| for one-dimensional system which proves that the TT/MPS
approximation of a nearest neighbour Hamiltonian is at most polynomial in the system
size;

e the DMRG algorithm and its polynomial scaling for electronic structure problems.

The content is inspired by the following texts on TT/MPS [Hac12, Hacl4, Sch11, BSU16,
Uv20].
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Chapter 1

Tensors in quantum chemistry

1.1 The many-body Schrodinger equation

1.1.1 The equation and its discretisation

Under the Born-Oppenheimer approximation, the ground-state of an electronic system with N
electrons and N, atoms with charges Zx and located at the positions Ry, 1 < K < Ny is
given by the lowest eigenvalue

HAWG = B0y (1.1.1)

where the operator H" is the many-body electronic Schrédinger operator
HY — Y 1A Jat i 1 s
_;<_5 ”_;l”——Rﬂ>+l<§<NW’ (1.1.2)

and the wave function ¥} belongs to A~ L2(R? x Z).

Using the Rayleigh-Ritz principle, the eigenvalue problem can be rephrased as an optimisa-
tion problem

EY = min (U, VW), (1.1.3)
Ve AN L2(R3XZs)
1] p2=1

A standard way to solve the eigenvalue problem (1.1.1) is to use a Galerkin scheme of the

following form. Let (¢;)1<i<q be an L?-orthogonal family of L?(R? x Z,) and let

1

VN!

then the problem to solve numerically becomes

EY, = min (¥, HNU) > EY. (1.1.5)
’ vevd,
1l 2=1
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The approximate ground-state wave function is given by

Voa= > Ciindis Ao A iy (1.1.6)

1<ii<-<in<d

The number of such coefficients is exponential in the number of electrons, hence a clever
parametrisation of the coefficients as well as an insightful choice of the Galerkin basis is needed.

Several methods have been tried to sparsely parametrise the coefficients of the ground-state
wave function:

e the configuration interaction (CI) method, which is a hierarchical truncation of the coef-
ficients in (1.1.6);

e the coupled-cluster (CC) method, which relies on an intricate parametrisation of the wave
function;

e the density matrix renormalisation group (DMRG) which is based on a tensor factorisation
of the coefficients in the second quantisation.

1.1.2 Fock space

The discrete Fock space Fy is defined as the direct sum of the Galerkin spaces V¢ given in
Eq. (1.1.4)
Fa=VioVie - oVl (1.1.7)
A general state ¥ € F, is the collection (W9 W' .. . W9) where each ¥* is a wave function
belonging to V¢.
To move from V{ to its neighbour, the creation operator (c;r-)lgjgd and the annihilation
operator (¢;j)1<j<q are used. The annihilation operator ¢; is the map such that

Vi, =V
ci 0 fV1<Ii<k+1,7+#1 1.1.8
! ¢i1/\"'/\¢ik+1'_> 0—1 o . ‘77&5 ( )
<_1) ¢i1 ARERRA Qﬁieq A ¢ié+l ARERRA ¢ik+17 lf] = 1.

The annihilation operator c¢; destroys a particle in the state ¢; if it exists and returns 0 otherwise.

Likewise, the creation operator c} is given by

d d
. { Vi 7 Vi (1.1.9)

ch
’ ¢i1/\"'/\¢ik '_>(_1)£¢i1A"'A¢izA¢jA¢ie+1A"'A¢ik+17

with 17 < -+ < iy < j <y < --- < 1. Note that by antisymmetry, if j = i, for some ¢, then

c}(@-l A--- A @) = 0. For the creation operator c}, a particle is created in the state ¢;.
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The creation and annihilation operators satisfy the following anticommutation rules

{CZJ ]} {CZ,C]} - 0 and {C“C;} = 57,] (1110)

The Hamiltonian is written (in the Mulliken convention)

d
H= Z hichc] Z V,]kgc cf 1CeCrs (1.1.11)

i,j=1 zjkﬁ 1

where ¢/, c; are the creation and annihilation operators, h is a Hermitian matrix and (Vj;xe) €
C¥*4* g also Hermitian.

In quantum chemistry, given an orthonormal basis (¢;);en of L?(R3 X Z,) the coefficients
hij and V., are given by [HJO14, Equation (1.4.40) and (1.4.41)]

hij = / oi(r,s) %A + Une)¢j(r, s)dr
s€{0,1}
1.1.12
Vijke = / 0i(r, 5)"¢5(r', )" Gu(r, 8)6e(r", ) drdr’. ( )
[
s,s'€{0,1}
The problem to solve is
min {<\11,1£h11>;, Ve Fy | U)r =1, NT = N\p} : (1.1.13)
where N is the particle number operator
d
N=> da. (1.1.14)
i=1

Remark 1.1.1. As the constraint on the number of particles can be cumbersome to take into
account, an easy alternative is to relax the particle number constraint to a mean-value constraint

min {(qf, HU) 7,0 € Fy, |0]|, = 1, (T, NT) = N} . (1.1.15)
This quadratic constraint can be reformulated as a Lagrange multiplier where we solve
min {<qf, (H — uN)B) 2, W € Fo, |V, = 1, } . (1.1.16)

for a fized value p € R. Both minimisation problems (1.1.13) and (1.1.16) are not equivalent
m general.
The particle number constraint in the tensor train format can be taken into account directly

i the format, as it imposes sparsity patterns in the components of the tensor train decomposi-
tion [BGP22].
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A minimiser of (1.1.15) or (1.1.16) is of the form

U= Z \I]ilu-iNC((bil)T T C(¢1N>T|Q> (1'1'17>

1seees Hd

Another way to parametrise the wave function ¥ is with respect to the occupation number
representation where instead of only keeping track of the occupied orbitals, we look at the
occupancy of each orbital. More precisely, we define

Dy, ) = (i) - cl3,)1]92), (1.1.18)
if iy < --- <y and (i;)1<;<k are precisely the indices such that pi; = 1. The wave function W
can then be written
U= Y@ (1.1.19)
Hseeey Hd

In DMRG, the tensor ¥ € C? is expressed as a matriz product state, also called a tensor
train in the mathematical community.



Chapter 2

The low-rank approximation problem for
matrices and tensors

2.1 Singular value decomposition and generalisations for
tensors

This chapter is devoted to the tensor train decomposition, as a generalisation of the singular
value decomposition (SVD) for high-dimensional tensors. The SVD arises in the low-rank
approximation of matrices, as such, it is natural to look for generalisation of the SVD for
high-dimensional tensors. As it will be mentioned, the historical tensor formats, i.e. the CP
decomposition and the Tucker decomposition suffer from drawbacks that the tensor train format
does not have.

2.1.1 The low-rank approximation for matrices

The basic tool for the low-rank approximation of matrices is the singular value decomposition

(SVD).

Theorem 2.1.1 (Singular value decomposition). Let A € R™ "™ be a matriz. There exist
orthogonal matrices U € R™*™ and V € R""4 and a diagonal matriz ¥ = Diag(sy, ..., s,,)
with sy > -+ > 8., > 0 such that A = USVT. The triplet of matrices (U, %, V) satisfying
these properties is called a singular value decomposition (SVD) of A.

The SVD given in the above theorem is sometimes called the compact SVD of A. Another
common definition of the SVD is a decomposition of the matrix A € R™*™ is to write the SVD
as A = UZVT where U € R™™ and V € R™" are orthogonal matrices and £ € R"™" is
diagonal. The relationship between this SVD and its compact version is the following

2 0

u=1[u . Z:{o 0

], y—[v 0.

11
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The SVD of A can be derived from the eigenvalue decomposition of the matrices AAT and
AAT. Indeed, if A = UZVT is the SVD of A, then AT = VIUT so using that &/ and V are
orthogonal matrices, we have

- 5 - - 5 _
81 51

[\

AAT =UssUT = U s U, ATA=vi"zyT =y 52 YT,

The singular values of A are simply the eigenvalues of the matrices AAT and ATA and the
orthogonal matrices U and V the corresponding orthonormal eigenvectors.

From the singular value decomposition -and its connection to the eigenvalue decomposition-
we can give another characterisation of the singular values:

A
S, = max minw. (2.1.1)
ViCR" z€Vi, [|z]|o
dim Vi =k

From the SVD, it is possible to directly read the rank of the matrix A. It is simply the
number of nonzero singular values.

Singular values are also related to the Frobenius norm of the matrix. In an abuse of notation,
viewing A as an element of the vector space R™", we have by the SVD that

TA TA
Aij = E SpUikVjk = A= E Sy X V.
k=1 k=1

Since the vectors (uy) and (vg) are orthonormal, it is also the case for (ux ® vy) thus

TA

1AIE =) si.

k=1
Another important property of the singular value decomposition for the low-rank approxi-
mation problem is the following.

Theorem 2.1.2 (Best rank r approximation of a matrix [Sch08]). Let A € R™ ™ be a matriz
and (U,,VT") an SVD of A. The best rank-r of A in the Frobenius norm is given by

T

T T

A, =U2% V' = E SEUEV
k=1

where U, € R™*" ¥, € R™" and V, € R™™" are the respective truncations of U, ¥ and V. The
error is given by

1/2
IA—Alr = ( > si) . (2.1.2)
k>r+1
The best approximation is unique if s, > Spy1.
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Proof. An upper bound is obtained by a direct computation

A — A% = H Z Sju;v JHF_” Z SJUJ®UJH2 Z 5

j2r+l j2r+l j>r+1
The lower bound is shown using a bound on the singular values: let M, N € RP*?
V1<i,j <min(p,q),0<j<d—1,84j1(M+N)<s;(M)+s;(N), (2.1.3)

where (si(M))k, (sx(N))k, (sg(M + N));, are the respective singular values of M, N and M+ N.
This singular value bounds are derived by considering the following subspaces (without loss of
generality, we can assume that ¢ < p):

VMAN = Span (v M+N,...,vf\fﬁvl), VM = Span (v, ..., v}")

vy :Span(vjv,...,vév).

By estimating the dimension of the intersection (by using that dim V* +dim V¥ +dim VM*+Y =
(g—i+1)+(qg—j+1)+i+j—1=2¢+1), we deduce that there exists a normalised vector
reVMAVN N yMEN:

Sivj—1(M + N) < [(M + N)ally < [[Mxllz + [Nz < si(M) + s5(N).

Let A, be a matrix of rank 7. We apply the inequality (2.1.3) with M = A — :4:,, N = A, and
j =1+ 1. Since s,41(A4,) =0, we have

V1 <i<q,s00(A) < si(A—A,).
Hence [|[A — A2 = 327 si(A— 4,)2 > N0 1 5:(A)?, which is the result. O

Remark 2.1.3. A similar approzimation result can be written in the matriz norm || - ||o sub-
ordinate to the vector || - ||2. In that case, it is straightforward to check that ||A — A.lls =

|| Zj>r+1 sjujvaHQ = Sy41. Moreover for a rank-r matriz A,, by definition, there is a nor-

malised vector x € Span(vy, ..., v,.41) such that A,x =0. Thus
1A= Alls > [(A = A)zll2 > | Azllz > 5,41

Another way to phrase the best rank r approximation of a matrix is to take the subspace
point of view. A matrix A € R™*" can be viewed as a vector of the product space R™ ® R"”
which is isometrically isomorphic to R™". The subspace problem is phrased as follows: find
subspaces Y C R™ and V C R" both of dimension r such that it minimises the distance

dist(A,U®V) = ||A —TygvA|l = min _ ||A -1 54|, (2.1.4)

UCR™ dimU=r
VCR” dim V=r

uey

where Iy is the orthogonal projection onto the subspace W C R™". The SVD gives a charac-
terisation of the solution to the minimisation problem (2.1.4).
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Proposition 2.1.4. Let A € R™" (U, X, V") its SVD and r € N. Denote (u1,...,u,,)

and (vq,...,v,,) the respective columns of U and V. A solution to the subspace minimisation
problem (2.1.4) is given by
U = Span(uy,...,u.), V = Span(vy,...,v,). (2.1.5)

The solution is unique if s, > Sp11.

Proof. Let U and V be respectlvely subspaces of R™ and R™ of dimension 7. Let (1;)1<i<, and
(V;)1<i<r be ONB of respectively U and V. The minimisation problem (2.1.4) can be rewritten
as

min A = z,5Al = min _ ||A— PgAPgH%,
UCRm dimU=r Uc CR™,dimU=r
VCR" dim V=r VCR",dim V=r

where Py (resp P;) is the orthogonal projection onto U (resp. V).
Let ¢ and V be respectively subspaces of R™ and R™ of dimension r. Let (u;)1<i<, and
(0;)1<i<r be ONB of respectively U and V. Then we have

14 = Pg APl = Tr((A = PgAP;) (A = PzAPy))
=Tr(A"A — P;ATP;A — ATP;AP; + Py AT P AP;)
=Tr(ATA) — Tr(P; AT PAP;),

where we have used that since Pg is an orthogonal projection, we have Tr(PgATPZ;{A) =
Tr(ATP;AP;) = Tr(PyATP;AP;). We realise that

Tr(PpATPAPy) = D |(s, AT)[

1<i,j<r

Solving the minimisation problem (2.1.4) is equivalent to maximising  , ; i<r |<ﬁl, Av;) ‘2 where
(@;)1<i<r and (v;)1<;<, are orthonormal families. Using the max-min characterisation of the
. ~ 2 - r

singular values (2'1'1>L we have 33, ‘(ui,Ang < D MATIP < 377, s7. The upper

bound is attained for & = Span(uy,...,u,) and V = Span(vy,...,v,). H

2.1.2 Generalisations of the SVD for tensors

A tensor u of order d € N is a multidimensional array (u;, ;,) € R™>*"d,
For higher-order tensors, different generalisations of the SVD are possible. With the previous
discussion, there are two natural options that emerge:

e write the tensor as a sum of rank-1 tensors:

u = Zu((xl) ®...®u((1d)’
a=1
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where for all £ € [d], u¥ € R™. This is the canonical polyadic decomposition (CP
decomposition);

e consider the subspace minimisation problem:

dist(u, Uy QU @ -+ QUy) = _ min e =T g el
Uy CR™1 dimUy=r1,...,UsCR"d , dimUg=ry

where dimUy, = 7, for all k € [d]. This yields the Tucker decomposition.

The canonical decomposition looks the most appealing as it is the most low-complexity
way to represent a tensor. It has however one major drawback, being that the best rank r
approximation (in the sense of the CP decomposition) is ill-posed! [DSLO8| Consider noncolinear
vectors a € R™, b € R™ and the tensor

Uu=bRxaRa+aRbRa+aRab.

which is a tensor of canonical rank 3. It can however be approximated as well as we wish by a
tensor of canonical rank 2: let € > 0, then we see that

u — (é(a +¢eb) ® (a+¢eb) ® (a+¢eb) — %a ®a® a) = O(e). (2.1.6)

This example highlights that the set of tensors of canonical rank less than 2 is not closed.
Contrary to matrices, the set of tensors of canonical rank less than r is not closed.

Regarding the Tucker decomposition, let w € U; ® --- ® Uy. Then there is a core tensor
c € R"* %7 and matrices (Uy)1<k<a € XZ:1 R™>" guch that

1

Td
Vie [n], w4, = Z Z Cay..ag(U1)7) -+ (Ua)it.

a1=1 ag=1

The storage cost of the tensor w is still exponential in the order d of the tensor (except if some
r, are equal to 1). As such it is a useful decomposition only for low order tensors. In the
following, we will focus on the efficient representation of tensors of order up to a hundred, for
which the Tucker decomposition is not suited.

2.2 Tensor train decomposition

2.2.1 Hierarchical SVD and tensor trains

We first define the reshape of a tensor.

Definition 2.2.1 (Reshape of a tensor). Let uw € R™*"*" be q tensor. Let £ € [d]. We say

that the matrix (Uil...ig;¢g+1...id) € R mexXnes1na gg g reshape of w with respect to the modes [(].

0q1.ia

This reshape will be denoted by u=* and for i € [n] its elements u;
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The reshapes u=‘ for 1 < ¢ < d — 1 will be of particular interest.

To derive a tensor decomposition generalising the SVD, one can apply the SVD successively.
Let u € R™**" he a tensor and proceed as follows (we use here Einstein convention where
we sum over repeated indices)

Wiy iy = (“Z”) (reshape of uw to ny X ng---ny)
= (U} (=) (SVD)
= (U (=) (reshape of ;")
= (), (U )am(sz)“ & (SVD of ¥, V")

= (U (U2) 2, (B2VT) (reshape of T,V,),

where we repeat the process until we get

Uiy ..ig = ([/'1)?11([]2)062 (Ud 1)ad ' (Ed 1Vd 1)Zd

@112 Qd—2td—1 Od— 1

The tensors appearing in the decomposition above can be rearranged as below

Uiy 5, = (Ul).Oé1 (U,jfl)a/dil; | (24/71‘”:111>i{/

i1 Qd—2%d—1 Qd—1

= Arlia)a, e Agafiaalier Agligloe,

The decomposition above is called the tensor train (TT) decomposition [OT09], also called
matriz product state |KSZ91] in the physics litterature is the simplest instance of a tensor
network. This terminology will be clearer when the graphical representations of the tensor
formats will be presented in Section 5.1.1.

Definition 2.2.2 ([KSZ91, OT09|). Let uw € R™*"*" be q tensor. We say that (Ay, ..., Aq)
is a tensor train decomposition of w if we have for all i € [n]

Wi, i, = Aiin]Aslia] - - - Aglig] (2.2.1)
= Z Z Z Ay[ir) oy Aoli]22 - - - Aglia)®a, (2.2.2)
a1=1az=1 ag_1=1

where for each iy € [ni], Aglix] € R™*=1%"% (rg = rqy = 1). The tensor Ay € R —=1X"X"k gre
called the T'T cores and the sizes of the TT cores are the T'T ranks of w.

Such a representation has a storage cost of 22:1 nirr_17k. Provided that the TT ranks do
not increase exponentially with the order d of the tensor, the T'T decomposition is a sparse
representation of the tensor w.

An exact TT representation of any tensor can be achieved by the algorithm presented at the
beginning of Section 2.2.1 and given in Algorithm 2.1. This algorithm is called the hierarchical
SVD (HSVD) [Vid03, OT09].



2.2. TENSOR TRAIN DECOMPOSITION 17

Ad—l[Q] Ad[g]
As[2]
Ad—l[l] Ad[l]
Aq[2] Az[1] H
]
S E—
Al[il] c Rlxrl Az[iz] c Rrixrz Ad—l[id—l] c Rrd—2Xra—1 Ad[id] c er,lxl

Figure 2.1: Schematic representation of the TT decomposition of a tensor in R?**2

It is clear that there is no uniqueness of the TT decomposition. Indeed for a tensor
w € R xma if (Ay)..., Ay) is a tensor train decomposition, then for any invertible matrices
(Gi)1<kea € ®I_1GL,, (R), the TT cores (A, ..., Ay) defined by

{gl[il] = Ai[i1)G1, 1 € [ma], gd[id] = G;' Adlia), iq € [nd]
Ak[lk] = G];_llAk[’lk]Gk, 1 € [[nk]], ke H2,d — 1]],

is an equivalent T'T representation. It is possible to partially lift this gauge freedom. This
discussion is postponed to Section 2.2.5.

The history of the TT decomposition dates back to the density-matrix renormalisation group
(DMRG) [Whi92]| pioneered by White for the computation of properties of one-dimensional sta-
tistical physics systems. The connection between DMRG and TT has been realised later [OR95,
DMNS98].

Example 2.2.3. e a tensor product w;, ;, = uV D s o TT of TT rank 1, as the cores

21 1q
(k) )
are (U% )1<k<d 1<ip<ny -

=h =61 =

o the unnormalised Bell state b € ®fd R?

bi, i, = (51,1;152,1‘2 + (52,i151,i2)<51,i362,i4 + 52,@'351,1‘4) s (51,z‘2d,152,z'2d + 52,12(1,151,2'%),

is a TT of rank 2: let (By)1<k<2a be defined by

. , Oa;
Bop—1lizk—1] = [O1ige 1 02inp ], Bok[ion] = [ 2%} . k=1,...,d (2.2.3)

61i2k

By a direct calculation, we can check that by, ;,, = Bi[i1] - - - Baalial.

e for d = 2, the following reordering of the indices of the Bell state be ®‘1L R?

fl;il‘..z}; = (51,2'162,1'3 + 52,1‘151,1'3) (51,1252,1‘4 + 52,1’351,1‘4)

has a TT decomposition of rank 4:
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ik él BQ B3 B4

1 0 0 O 00 0

vid oo Vel [
_O 1_

01 0 0 01 1

2 (o] [0001] 00 [0]
_O O_

This elementary example highlights the importance of the ordering of the indices of the
tensor for an efficient TT representation. The T'T decomposition above can be derived by
using that (AC)® (BD) = (A® B)(C ® D) for matrices with compatible sizes. Hence the
formula for the TT cores of the reordered Bell state is obtained from the TT decomposi-
tion (2.2.3) of the Bell state
bisiisis = Dirigisis = Buli1] Balis] Bs[ia] Ba[i]
= B [i1](idg Balis] ® Bslia] id2) Bylis)
= Bl [Zﬂ(ldg ®Bg [22])(32 [’Lg] & 1d2)B4 [14]

Remark 2.2.4. The reordered Bell state exzample b € ®?d R?

d
bi1--~i2d = H (51:ik527ik+d + 527ik51aik+d)
k=1

has a TT decomposition of rank 2¢. The optimality of the ranks is proved by the characterisation
of the T'T ranks stated in Theorem 2.2.12.

The central tool in the TT decomposition is the HSVD presented earlier and summarised
in Algorithm 2.1. From the characterisation of the error in the truncated SVD, it is expected
that the HSVD can be used to derive an approximation result by a TT with given TT ranks.
This will be treated in Section 2.2.4.

Remark 2.2.5. [t is reasonably clear that such an algorithm extends to the decomposition into
a tree tensor network. Indeed, in the HSVD algorithm, we simply partition {1,...,d} into
the sets ({1},{2,...,d}), then ({1},{2},{3,...,d}), and so on so forth. For trees, we choose
different partition choices that does not have to reduce to a singleton right away. For tensor
networks with loops, there is no equivalent of the HSVD for the construction of a tensor network
directly from the tensor. This makes the analysis of such networks much more difficult.



2.2. TENSOR TRAIN DECOMPOSITION 19

Algorithm 2.1 Hierarchical SVD

Input: Tensor u € R™**"d
Output: (Ay,...,Ay) TT representation of u

function HSVD(u)
(Ty)cvgiy 24 = uéf"'id > ap dummy index
fork=1,...,d—1do
Uy, 51, VT = svd((Tk_l)“““"“>

-1tk
Alie]dr = U)ok

-1k

(Tk—l)lof;jiiﬂld — (EkaT)Oijl k+2---2d

end for .
Aglig)i-t = (Zd—1VdT_1)ZId71
return (A, ..., Ay)

end function

2.2.2 Algebraic properties of TT and normalisation of TT

The TT decomposition has reasonable algebraic properties as it is stable by multiplication by
a scalar and by addition -up to augmentation of the TT ranks.

Proposition 2.2.6 (Algebraic properties of TT). Let (Ay, ..., Aq)and (A, ..., Ay) be the re-
spective TT decompositions of the tensors w,u € R™>"*"d  Let A € R. Then

o \u has a TT decomposition given by (By)kefq) with By, = Ay, for k € [d—1] and Bq = AAg;

o the sum w+w has a TT decomposition (Sk)kefq) given by

Silir] = [Aulia] Ailia]],  Salia] = [%Z{ZH
Adi] 0 (2.2.4)
Silix] = [ ’“0 g Kk[z'k]} ke[2:d—1].

The first item is clear and the proof for the sum consists in expanding the T'T' decomposition
(S1,...,54). The TT decomposition of the sum (2.2.4) is in general not minimal and can be
compressed as explained in Section 2.2.4.

Remark 2.2.7. Since a tensor product uV @ ---@u'® is a TT of rank 1, we deduce that a CP
decomposition of rank r has at most a TT representation of rank r. The TT decomposition is
a generalisation of the CP format, with advantageous algebraic and topologic properties.
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The TT decomposition can be seen as a structured low-rank representation of a tensor
u € R™M*xnd_ Indeed, if (Ay,..., Ay) is a TT representation of u, for any k € [d — 1], we can
write

A[1]As[1] -+ A[1]
usk = : [Ak+1[1] e Agll] o Appnea] - Ad[”d]L

Avn)Aslng] -+ Aglng] | S .

(. J
-~~~

CR™1 M XT

which is a rank-r;, matrix decomposition of the reshape u=*F € R™ ™ >nk+1ma  This observation
will be used in the next sections.

The TT cores (Ap)refq) obtained from the HSVD algorithm satisfy a particular property.
From the definition of the SVD, we have that the reshaped TT core ((Ag)f%,, ) € RMh-1x7
is a partial isometry for any k € [d — 1], i.e. we have ()i, )T((Ar)ik, ) = id,,. We say
in that case that are left-orthogonal or left-normalised.

Definition 2.2.8 (TT normalisation). Let (Ax)refqy be a TT decomposition of a tensor u €
Rmxna qyith T'T ranks (rk)kejosa)- Let £ € [d]. We say that a TT decomposition (Aq, ..., Aq)
is ¢-normalised or normalised with root ¢ if for all k € [¢ — 1]

ng

ig=1
and for all k € [{ + 1;d]

ng
> Alin Alie] " =id,, -

ip=1

If £ = 1, we say that (Ay)keq) s left-orthogonal or left-normalised. If ¢ = d, we say that
(Ag)relqp ts right-orthogonal or right-normalised.

The HSVD algorithm described in Algorithm 2.1 yields a left-orthogonal TT decomposition
of the tensor w. This is because successive SVDs are performed starting from the first index
of the tensor w. By performing successive SVDs from the “right”, i.e. by first doing the SVD
of u=t=1 e RM a1 — (Uy_13q1)5"} (VL) then the SVD of (Us_13q-1);" %" and
so on and so forth, one would get a right-orthogonal T'T representation of w.

TT representations with a specific normalisation have convenient properties.

Proposition 2.2.9. Let (Ap)iefq be a left-orthogonal TT decomposition of a tensor u €
R na apith TT ranks (r)kejo.qp- Then we have that

o [ull=1lAdll;
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e for any k € [d — 1], we have that the matric

A1 A[1] - A1)

6 Rn1~~~nkXTk
Al[nl]Ag [ng] s Ak [nk]
1S a partial isometry.
Proof. For any k € [d — 1] we have
T
Ar[1]Az[1] - - Ag[1] A[1]Az[1] - - Ag[1]
Ar[m]As[ng] -+ Aglni] | [ Ar[ma]Az[na] - - - Aglny]
ni ng
= Z . Z(Ak[ik])TAl[il]T e Arli] - Aglin]
=1 =1
no ng ni
=D D Alie] T Aofia]” ( > Aufi]"Adfi] )A2 [ia] - - - A [ix]
ig=1  ip=1 i1=1
=idy,
= idrka
by left-orthogonality of the T'T cores.
For the norm, we have
A1 A[1] -+ Ag1[1]
ol = =] = z (A1) Adnd]| = 14dl,
Ai[ni]As[na] - - Ag-i[na] CRTd 1
ER"I‘”T?dr—lX"d—l
as the first matrix is a partial isometry. ]

It is convenient to introduce the <t notation, which simplifies the manipulation of expressions
involving partial contractions of tensors of order 3.

Definition 2.2.10 (Strong Kronecker product). For (B,C) € R™"™" x R™"X7  the strong
Kronecker product denoted by B <1 C' € R™™"7 s defined by

(B C)yj5a = Z BajaCsja-
a=1
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Proposition 2.2.11. Let (Ak)k:e[[d}] 1s a T'T representation of a tensor w. Then we have
(i). w=A;x...0x Ay,
(ii). for any k € [d — 1], we have that u=F = (A; > ... o<1 Ap)SF(Apyq a0 ... >a Ag)St;

(iii). if (Ag)reqp s a left-orthogonal TT representation of a tensor, then for any k € [d — 1],
(Ap <. .. Ag)SK € RM- X" s g partial isometry.

2.2.3 Characterisation of exact TT representations

From the hierarchical SVD (Algorithm 2.1), we directly get a characterisation of the T'T ranks
of the exact T'T representation of the tensor.

Theorem 2.2.12 (Characterisation of the TT ranks [HRS12b|). Let w € R™*"*" pe g tensor.
Then the following assertions are true:

(i). the minimal TT ranks (r1,...,rq_1) is equal to the rank of the reshapes of u, i.e.
Vk € [d — 1], 7, = Rank (u=F).
We will thus call (Rank(u=F))yepa—1) the TT ranks of w;
(ii). the HSVD algorithm 2.1 gives a TT decomposition of minimal TT ranks.

This theorem states that the ranks of the optimal T'T representation of a tensor u is char-
acterised by its reshapes (ugk)ke[[d,l]]. Moreover the HSVD algorithm 2.1 produces a TT
representation of u with optimal ranks.

Proof. Let (Ay,..., Ay) be a TT representation of w of TT ranks (Th)kefo;q)- For any k € [d—1],
we have

A1) Ay[1] - -+ Ag[1]

( ik+1~--id) _
i1.in =

_ B : B Av],ﬁ_l[l] cee zz{d[l] R gk+1[nk+1] T /z{d[nd]] .
| Aq[ni]Asglng] - - - Aglng] : ~

ERFIC Xnpyq1--ng

cR™1 \rnkXFk
This shows that any TT representation of w has TT ranks at least (Rank(u="))yefoq-
Let (Aq,...,Aq) be the TT cores given by the HSVD algorithm. Using the same notation
as in Algorithm 2.1, for any k € [d — 1] we have

Ai[1]Ao[1] - - A[1]
u=h = : DAAN
Al[nﬂAz[nz] s Ay [nk]

(. J/
-~

cR™1 T XTp
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The first matrix is a partial isometry by Proposition 2.2.9 hence the equation above is an SVD
of u=*. By the properties of the SVD, we have that 7, = Rank (u=F). O

An important consequence of Theorem 2.2.12 is the closedness of the set with prescribed
TT ranks.

Proposition 2.2.13. Let r € N1, The set of tensor trains with TT rank less that r

%TTgr = {u ’ H(Ak)ke[[d]] € >< Rrkilxnerkv Vie [[Il]], Wiy ..ig = Al[zl] o 'Ad[id]}v
keld]

18 a closed set.

Proof. The proof follows from the characterisation of the TT ranks given by Theorem 2.2.12:
given a tensor u, for 1 < k < d — 1, the minimal TT rank 7, is equal to the rank of the matrix
Z““Zkld We conclude by recalling that the set of matrices with rank less than r is a closed

set. L]

This proposition is in stark contrast with the set of tensors with a given canonical rank r

T

d
Mcp_, = {u | Va € [[r]],ﬂ(v](-a))jeudﬂ € XRY u= va ®---®véa)},
j=1

a=1

as the example exhibited in eq. (2.1.6) shows that the set .#Zcp_, is not closed if d > 3 and
r> 2. -

Since the set .Zrr__ is closed, we can safely study the question of the best approximation
of a tensor with given TT ranks.

2.2.4 Approximation by TT

A natural way to reduce the TT ranks of the TT representation of a tensor is to truncate the
SVD at each step of the HSVD algorithm to a tolerance e:

Wiy, = wE (reshape of u to ny X ngy - - - ny)
~ () (S50 (truncated SVD)
~ () (S50 (reshape of $5V,")
~ (Uh) ] (U2) 22, (S5V5T) ™ (truncated SVD of T51;T)
~ (U7 (02) 5, (55V) ! (reshape of S5V;),

we repeat the process until we get

Wiy = (U0 (U2), - (Uas) ™ (S5, V)™

aqig ag_2id—1 ag-1’
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Algorithm 2.2 Hierarchical SVD with truncations or TT-SVD

Input: Tensor u € R™ > > tolerance €
Output: (A;,...,Ay) TT representation of u

function TT-SVD(u,¢)

(To)’;f(;;fd = uzf” (ap dummy index)

fork=1,...,d—1do

Up, X, Vil = tsvd((Tk_l)Z“:jl"izd, 5) > Truncated SVD s. t. |[tsvd(A) — Al < ¢
Apliglgr = (Uk)zz_lik, Vig € [ni], ax—1 € [re-1], o € [ri]
(T2t = (SVT) 4 i, ig) € [, na)], o € [l

end for

Aglig)® =t = (Ty—1)l, | = (Ed—ﬂ/dT_l)ijdfl, Vig € [na], aa—1 € [ra-1]

return (Aq,..., Ay)
end function

This algorithm [Osell] is called the HSVD algorithm with truncations or TT-SVD. It is sum-
marised in Algorithm 2.2.

Truncating the successive SVDs gives an estimate on the best approximation by a tensor
train of fixed TT ranks.

Theorem 2.2.14 (|Gral0, Osell, Hacl2, Hacl4]). Let u € R™**" § € N and Mrr<;
be the space of tensor trains of ranks bounded by t. Then we have

d—1
2
min Ju—vf <[> D o <Vd-T min |u-—v],
’UEJ//TTSF k=1 o>y, 'UE'///TTgf-

where for k € [d—1], (U&k))ae[[rk]] are the singular values of the reshape (uSF) € R Xnkr1na,

An important consequence of this theorem is that it is sufficient to derive bounds for the
tale of the singular values of each reshape (w;""} ") € R™"™>+174 to get bounds on the TT
ranks of a T'T approximation. This considerably simplifies the question of the approximability
by TT of a given tensor, and this characterisation will be used to study the eigenvalue problems
of particular operators in Chapter 77.

The proof of this theorem relies on a close inspection of the HSVD algorithm with trunca-

tions 2.2.

Proof of Theorem 2.2.14. For the lower bound on the best approximation wpest € Arr<i, We
have for each k € [d — 1] by definition of the SVD truncation

l=* — tsvd(w=", 7o) | < [lu — pest |,
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2
as (ubest)z’f“% is a matrix of rank 7. Since [|[u~F —tsvd(u=*, 7[> = 3 o5 oP” by summing

over k € [[d — 1] we get the lower bound.
We now prove the upper bound. With the notation in Algorithm 2.2, for k € [d — 1], let

Qr = (A1 a---pa Ay) = e R,

Since by the algorithm (A;);cpg are right-orthogonal, @ has orthonormal columns. Let 11, =
QrQ] € Rm-mexni-nk GSince (), has orthonormal columns, [T, defines an orthogonal projection.
Let u; = u, and define recursively the tensor wy € R™>* " *" for 2 < k < d, by

(W)= = Ty (W)=,
With the notation in Algorithm 2.2, we have for each k € [2,d],
(wg) =" = My (Wpr) =1

= Qk—le—l(uk—l)Sk_l
= (A; > Ak_l)gkfl((Tk—l)ik'"id)-

Ap—1

d—1 ~ ~

As Ty_1 = Ay, by iteration we have that Ay > --- > Ay = uy, and thusu—uwg = >, Wi—Witg.
Now,

d—
H Z uerl

2
= [|ay — |7 + H Zui - Uz‘+1HF,
=2

d—1
= aallt = || > @ — @i
=1

F

since the range of (w; —w;,1)=! for 2 < i < d—1 is spanned by the range of II;, and at—ust =

(I,, — IT})%s". By repeating the same argument, we have by iteration

d—1
_ ~ 2
lw — 4|7 = Z ||Uz - Uz‘+1HF-
i=1
For i € [d — 1], we have

s - = 37 o (a5)"

;i >T;

it~ a2 =

It remains to show that >° . 0q, (~<’) <D o Oa (W SZ')Q. We have for all k € [2,d]

(ﬁk)gkfl = kal(ﬂkq)gk*l;
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which can be rewritten
uy, = (-1 @ idga ) We—1.

Thus by iteration, for any k € [2,d] we have

Uy = (M) @ idpea )k = (M1 ® idpea ) (M2 ® idia, ,, ) Ur—2
= (o1 ® idpg ) (Hp—o ® idia,_,, ) -+ (Il ® idag ) w,

using that w; = w. This means that
;" = Moy ®idy ) (Mo ® idg1 ) -+ (T @ iday ) u=F.

As (I1;) jer—1 are orthogonal projectors, the matrices (II; ® id;1.x) are also orthogonal pro-
jectors, thus the operator norm of (Hk_l ® idy, ) (Hk_g ® idk_1;k;) ‘. (H1 ® idg;k) is bounded by
1. Using the variational characterisation of the singular values (2.1.1), we have that

oo (Us") = o0 ((Mpo1 ®@idy) - - - (I} @ ida)u™") < ||(my ®idy) -+ (I ® idost) ||, o (u=")
< oo (ush).
This finishes the proof of the theorem. O

A drawback of the HSVD algorithm or its truncated version is that it requires to handle
the full tensor. This means that the cost of the HSVD algorithm with truncations is still
exponential in the number of modes d.

If the tensor is already in a T'T format, it is possible to reduce the cost of this truncation,
provided that the TT cores have the right normalisation. Let (A1, ..., Ay) be a right-orthogonal
TT representation of the tensor w € R™"**" The first reshape is

Ai[1]
us! — : [Ao[1]--- Ag[1] ... As[na]--- Ag[nd]] ,
Al[nl]

and since the TT cores (As,...,Ay) are right-orthogonal, the  matrix
Vo = [A[1]--- Ag[1] ... As[ng]--- Ag[ng]] satisfies VoV;" = id,,. Hence the first step of
the HSVD truncation can be reduced to the SVD of the reshape of A;. The same would hold
for the next step of the HSVD truncation, hence the total cost of the TT compression of u in
a TT format is reduced to O(dnr?®) where r = max(ry,) and n = max(ny).

The algorithm is summarised in Algorithm 2.3, starting with a right-orthogonal T'T repre-
sentation of the input tensor. It is often called T'T rounding — as it is conceptually the same
operation as rounding a float — or TT compression. In practice, the TT to compress is not
given in a right-orthogonal representation. In that case, successive L(Q) orthogonalisations need
to be performed in order to retrieve a right-orthogonal T'T representation. This step can be
costly in practice as the successive L(Q) factorisations do not decrease the rank of the TT cores.
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Algorithm 2.3 TT rounding algorithm

Input: (Ay,..., Ay) right-orthogonal T'T representation, € > 0 tolerance
Output: (A35,..., A5) TT representation such that | TT(A) — TT(A4)|| <vd—1¢

function TT-ROUNDING((Ay, ..., A4),¢€)
fork=1,...,d—1do
Aill]
Uk, Xk, V) = tsvd( : ,5) > Truncated SVD s. t. |[tsvd(A) — A|| <e
r, = size(Xy)
(A5)ik, = Un)sk, s Vir € [ni], ar—1 € [rr-a], ar € [re]
Ak+1[ik+1] = EkaTAk+1[ik+1], Vik+1 € [[nk+1]] > Root shifting
end for
AL = Ay

return (45,..., A%
end function

2.2.5 Gauge fixing

Such normalisations turn out to be convenient for the computation of the norm a tensor, for
example to get the normalisation of the tensor, as stated in Proposition 2.2.9. Another instance
where the choice of the normalisation is crucial is in solving eigenvalue problems in DMRG (see
Chapter 5). In this section, we give results on the gauge remaining from the TT normalisation
introduced in Section 2.2.2. We also present algorithms to obtain a TT decomposition with a
prescribed normalisation.

Previously, we have seen the left and right orthogonalisation, but it is also possible to
interpolate between both. In that case, the norm of the tensor is carried by the TT core that
is not normalised:

ni

el = "> Adlia]" -+ Aufia] " Aufia] - - - Aalia]

- Z o Z Tr (Aglia]" -+ - Arlin] " Au[ir] - - - Aafia])
::Ei“.iquphﬂpﬁﬂ-~AdmpuwdT~-AﬂuFAduk~fumD

= ST (AT A,

io=1



28CHAPTER 2. THE LOW-RANK APPROXIMATION PROBLEM FOR MATRICES AND TENSORS

A representation of this type can be obtained by slightly modifying the hierarchical SVD
described earlier. Instead of performing SVDs from left to right, one stops the SVDs from the
left to the cut £ and does the SVDs from the right. For example for ¢ = 2, we have (using again
Einstein convention)

Wiy..ig = (uﬁld) (reshape of uw to ny X ng -+ ny)
= ()5 (ZawaT) (SVD)
(Ul) (= )Z;m g (reshape of ¥, V")
= () UaeaBaa) ot (V) (SVD of £,V

= (1) (Ua1Za- 1)31212212(‘/21—1)1,1 (reshape of Uy—1%4-1),

where we repeat the process until we get

Wiy .ig = (Ul)zl<U222)Zj (Vd 2)% 1 (Vdel)id

ag—2id—1 ag—1’
The TT decomposition then reads as

o (e%1 T )(%171 T \id
Wiy ..iqg = (U1>i1 (Vde iy (‘(14)”([7]

= Ailitay o Agaliaait? Adlid e,

ag—1

where (A, ..., Ap_1) are left-orthogonal and (Ayi1,. .., Aq) are right-orthogonal.

Conversion between left and right orthogonal TT representations

By successive LQ decompositions, it is possible to transform a left-orthogonal to a right
orthogonal TT decomposition. Let (Ay,...,Ay) be a left-orthogonal TT decomposition of
u € R™"* " Then we have

Wiy i, = Ailin] -+ - Aalia)
= Ay [in]* Ao[io)? - - - Agfia—1]0 L ( oy
= Aulin]" Aglio]gy - - - Aaa[ta—]g (Ld)iz 11( )Z;d )
= A1[i1]a1A2[i2]gf”'Ad 2 Zd 2 (A )Zd P 1(Qd)5d )
]

Qq—2
= Ay i) Aglia)g? - - - Ag—alia—2]y

Ly )ﬂd Z(Qd 1);1712% 1(Qd)5d g

od—2

Ad)

we repeat this process until we reach

Wiy iy = (A L)1 e (Qa) s (Qu)

jd -2

— Bl [il}ﬁl e Bdfl [Zd—]}g(;:f Bd{l‘d} Ba_1 )
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We simply need to check that the TT cores B, ..., By are right-orthogonal: for any k € [2;d],
we have

Nk ng Tk
D BelisBelin]) oy a = D D (Qu)E QAT = bayap -
i1 ir=1 ap=1

The whole process is summarised in the Algorithm 2.4.

Algorithm 2.4 Right orthogonalisation algorithm

Input: (Ay,...,Ay) TT representation of a tensor u
Output: (By,..., By) right-orthogonal TT representation of u

function RIGHTORTHOGONALISATION((Ay, ..., Aq4))
for k=d,...,2do
Ly, Qr = lq( [A[1] ... Ax[na]] ,8) > LQ factorisation

(B)i = (Qr)iE* , Vig € [ng], ap—1 € [rr—1], an € [r4]
Ap—1lig—1] = Ap—1lig—1]Le, Vig—1 € [ni—1]
end for
return (By,..., By)
end function

These normalisations have the advantage of reducing the gauge freedom in the TT repre-
sentation.

Proposition 2.2.15 (Gauge freedom of left-orthogonal TT decompositions [HRS12b|). A left-
orthogonal TT representation of minimal TT rank (ry,...,7rq-1) is unique up to the insertion of
orthogonal matrices, i.e. if (A1, ..., Aq) and (By, ..., Bg) are left-orthogonal TT representations
of the same tensor w, then there are orthogonal matrices (Qx)1<k<a—1, Qr € R™ "™ such that
for all 1 < iy, < ny we have

Al[il]Ql =B [il]y QdelAd[id] = Bd[id]

QF_\ Awlie)Qx = Bylia], fork=2,....d—1. (2.2.5)

Similar statements would be true for other types of normalisations.

Proof. The proof relies on the following observation: let M, N; € RP*" and My, Ny € R™*? be
matrices of rank r such that

MMy = NN, and MM, = N] N, =id,,
there is an orthogonal matrix ) € R™" such that

M1 = NlQ and MQ = QTNQ.
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The proof of this result is straightforward. We have Ny = NlTMlMg = NlTMlMlTNlNg. Since
N, is full-rank, it shows that N M, is an orthogonal matrix. Denote this matrix . Hence
Ny = QM and M;N] N, = M, thus, N; = M;Q".

The proof then goes by iteration. We have

(Au[ir]) (Aalia] - - - Aalia]) = (Balia]) (Baliz) - - - Balia)

> Afin)"Auli] =) Bi[ia] Bulia] = id., .

i1=1 i1=1
Since (Al[il]), (Az[iQ] e Ad[id]), (31 [zl]) and (32 [ig] - - - Bd[id]) have rank r;, by applying the
previous result, there is an orthogonal matrix ¢); € R™*" such that
Arlih])Q1 = By[iy]
Q1 (Aslia] - - Aglia]) = (Baliz] - - - Balid])-

For the next iteration, we have

(Q1 Asliz]) (Asli] - - Aalia]) = (Baliz]) (Bslia] - - - Balid])

D Asfia]TQ1QT Aslis] = Y Balia] Balin] = id,, -

ia=1 io=1
Applying again the lemma, we have
Q1 Aslio] Q2 = Bslis)]
Q3 (Asli] - -~ Aalia]) = (Bslis] - - Balid])-

By iteration, we prove the proposition. O

The Vidal representation

A convenient - albeit numerically unstable - way to convert easily between left-orthogonal and
right-orthogonal T'T representations is to use the Vidal representation [Vid03].

Definition 2.2.16 (Vidal representation [Vid03|). Let uw € R™* " *" be q tensor. We say
that (Tg)1<k<d, (Xk)1<k<a—1 S a Vidal representation if ¥y are diagonal matrices with positive
diagonal entries, for all i € [n],

..... io = D1[i1] X1 Do ig) 30 - - - Bg_1Talial, (2.2.6)
and for all k € [d]], the matrices Ty, € R™>"=1%"% gqtisfy

> Dyl Tfin] =id,,, Y Taligllalia]" = idy,, (2.2.7)

i1=1 iqg=1

Nk ng
Vh=2,...d—1 3 Tifi)"S; Telie] =id,,, > Talie] SiTelie] T =id,,, . (22.8)

in=1 in=1
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The Vidal representation directly gives left and right orthogonal T'T' decompositions:
(i). (A1,...,Ay) left-orthogonal TT representation

Ailin] = Thlin],  Aglia) = Za-1Talid]
Ak[lk] = Ek_lf‘k[ik], ke [[2, d— 1]],

(ii). (Bi,..., By) right-orthogonal TT representation

Bilir] = T[i1]%1,  Bglia] = Lalid]
Bylix] = Dilig] Xy, k€ [2;d —1].

The conversion from left (or right) orthogonal decomposition to a Vidal representation is
more involved [Sch1l, Section 4.6]. Let (A)1<k<a be the TT components of a left-orthogonal
TT representation. Then we have

A1 As[1] - A1)

= : lAk+1[ik+1] -+ Aglia]]
Al[nl]AQ [ng] s Ak [nk] J

-

::MkeRnlmnk X7

Tt1---2d
010k

~~
ERTk XNpt1---1g

N

Because (Aj) are left-orthogonal, then for all k € [d — 1], M, M, = id,,, hence the singular
values of the reshaped tensor are exactly the singular values of the right matrix.

With this remark, we can now write the iterative algorithm to get the Vidal representation
of the tensor.

Algorithm 2.5 Left-orthogonal to Vidal representation

Input: (Ay,..., Ay) left-orthogonal TT representation
Output: (I',...,Ty), (Z1,...,241) Vidal representation

function LEFTTOVIDAL((Ay, ..., A4))
Ud—l, Ed—h VdT = SVd( [Ad[l] Ad[Q] s Ad[ndH )
[Tall] -+ Ta[ng]] =V
fork=d—1,...,1do
Uk—b Ek’—lv V;CT == SVd( [Ak[l]Uka cee Ak[nk]Uka} )
Fk solution to VkT = [Fk[l]Ek te I‘k[nk]Ek}
end for
return (I'y,..., Ty), (31,...,241).
end function

By induction, one can show that the singular values of the successive SVD in the previous
algorithm are indeed the singular values of the tensor reshape.
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Proposition 2.2.17. Let (I'y)1<k<d, (Xk)1<k<d—1 be a Vidal representation of u € R™**nd,

Then ¥, is the matriz of the singular values of the reshape uzf“%zd € R™M M XNkp1Nd

Proof. By definition of the SVD, the Vidal TT components I'y satisfy

Nk

> Tilin] Siklie] T =id,, -

-
We also have
[Ak[l]Uk Ak[nk]Uk] = [Uk—lzk—lrk[l] Uk—lzk—lrk[nku ~
Thus
ng Nk
Z Dilin] TE2  Thliz] = Z Delin] "Sr 12U U1 51 D[in]

Nk
= U Aglin] " Ax[in)Us

i

=id,, .
O
2.3 Manifold of tensor trains
Proposition 2.3.1. The set of tensor trains with TT rank v = (ry,...,r4-1)
e, = {u | AW € X RN Wi € [l w, i, = Aufia] -+ Adlia),
keld]
Wk e [d— 1], rank(u ) = rk},
1s a manifold of dimension
d d—1
dim Ay, = Z Tio1NiT; — Z 7. (2.3.1)
i=1 i=1

Proof. Two TT representations (A, ..., Ag) and (Ay, ..., Ay) of a same tensor are related by
a gauge (Gy,...,Gq-1) € GL, (R) x ---GL,, ,(R)

V1 < Zk < nkaAk[Zk:} = Gk*lgk[zk]Gku k= 17 oo 7d7 (GO = Gd = 1)
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The dimension of GL,, (R) is 77, hence the dimension of .#rr, is

d d—1
. 2
dim A1, = E Ti 1M — E i
i=1 =1

O

Proposition 2.3.2 (Tangent space of .#rr, [HRS12b]). Let A € A1y, and (A, ..., Aq) be a
left-orthogonal TT representation of A. Let 0A € TaMrr,.
There are unique components (Wy)1<r<a € ®Z:1 R7e=1X"XTk gych that

d
JA =Y AW, (2.3.2)
k=1
with
5Az(f.)..id = Aulin] -+ - Ap—a i1 Wilin] Ak [ik4a] - - - Aalial, (2.3.3)
and where for k € [d — 1] we have
Nk
Z Aglir) " Wi[ir] = 0rp sy - (2.3.4)

ip=1

Proof. By definition of the tangent space T4.#rr,, the tangent vectors are given by the deriva-
tives I' of the differentiable curves I' : R — .#ry, such that T'(0) = A.
For all t € R, since I'(t) € .#rr,, we can choose a left-orthogonal TT representation of I'(¢)
such that
P(t)iy.iy = TVf] -+ T fid]
where for all 1 <k <d, t— F,(f) € R™*"s-1%"k ig differentiable and F,go) = A;.
Since for k € [d — 1], >_* Fg) [ik]TFg) lig] = id,, , there is a differentiable function ¢

ip=1

Uk(t) € Op,ry_, (R) such that

e A[1]
: = Ux(?) :
FS) (7] Ag[n]
] A[1]
This implies that : = Sk : for some antisymmetric matrix Sy € R k-1X"kTk-1
1'“,20) (1] Ag[n4]
Let
Wi[1] Ag[1]
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Then
Ag[1]

ng
=l Ap[r]
which is a symmetric and an antisymmetric matrix, hence it is zero.

The tangent vectors are hence necessarily of the form given by eq. (2.3.2)-(2.3.4). Dimension
counting and invoking Proposition 2.3.1 show the uniqueness of the representation. O

TODO : adapt the proof of [LOV15| p. 922



Chapter 3

Reduced density matrix, block entropy
and tensor trains

3.1 Reduced density matrix and the quantum entropy

The main idea of the Fiedler order is to minimise a proxy of the decay of the singular values,
which is the block entropy. There are several possible choices of the entropy that can be
minimised. In the litterature, the two main choices have been the von Neumann entropy and
the Rényi entropy. We will first shortly review both concepts of entropy. A good reference on
this topic is Carlen’s notes [CL14] and for other discussions on matrix identities and inequalities,
refer to Tropp’s book [T*15].

3.1.1 Reduced density matrix

For a given normalised tensor ¥ € C, we define the k-orbital reduced density matriz (k-RDM)
Pk € C2"*2" the matrix

(o)™ = Y (Wi (3.1.1)

M-k
HE41---Hd

Note that the eigenvalues of the k-RDM are squares of the singular values of the reshaped

tensor (W) s+.#*) which monitor the approximability of ¥ by TT.

More generally, for a subset A C {1,...,d}, we define the RDM p, € C2' 2% by
v;,i€A N vi
(Pa)uiea = 22 (¥12)" Wi (3.1.2)
“’jvjéA
Note that since W is normalised, we have

Trpa =1. (3.1.3)

By definition, RDM are Hermitian and semi-positive definite matrices.

35
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3.1.2 Quantum entropy

Definition 3.1.1 (Von Neumann and Rényi entropies). Let p € C**™ be a Hermitian, semi-
positive definite matrixz such that Trp = 1. The von Neumann entropy is defined by

S(p) = —Tr(plog p). (3.1.4)

The Rényi entropy of parameter o € (0,00), a # 1 is defined by

Sa(p) = log(Tr(p™)). (3.1.5)

l—«

For pure states, i.e. when p is up to a scalar factor a projector, one can check that the
entropy of p is 0. As pure states can be written as TT of T'T rank 1, this motivates the further
investigation of the entropy as a proxy for the approximability of W by TT. This suggests that
states with a low quantum entropy are easily approximable by TT. As we are going to highlight,
although in practice the quantum entropy is a fair indicator for the approximation problem,
there are counter-examples of states that have an exponentially complex T'T representation but
a low quantum entropy [SWVCO0S|.

Another desirable property of the entropy is the additivity - also sometimes called the
extensivity - and the subadditivity:

e additivity: we say that an entropy S is additive if for all RDM p4 and pp we have
S(pa® pp) = S(pa) + S(ps); (3.1.6)

e subadditivity: we say that an entropy S is subadditive if for all RDM p4p defined on a
tensor space Ha ® Hp, pa = Try, pap and pp = Try, pap, we have

S(pa) < S(pa) + 5(ps). (3.1.7)

We are going to review few important properties of the von Neumann and Rényi entropies.

Remark 3.1.2. The Rényi and von Neumann entropies are closely related as

lim S,(p) = S(p). (3.1.8)

a—1

Proposition 3.1.3 (Schur concavity). The von Neumann and the Rényi entropies are Schur
concave, i.e. if p, and pg are RDM with respective eigenvalues (a;)i1<i<n and (Bi)i<i<n Such

that for all 1 < k <n
k k
<) B, (3.1.9)
i=1 i=1

then S(pa) 2 S(ps)-
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From the Schur concavity, we deduce that

e a pure state p with eigenvalues (1,0,...,0) majorises any sequence, hence for any p,
S(p) =z S(p) = 0;
e a state with maximal entanglement i.e. with eigenvalues (%, ceey %) is majorised by any

sequence, hence it is the state with maximal entropy.

Proof. We simply need to use the concavity of the map g : x — —xlogz or g : x — % Let
us prove the result for n = 2. By assumption on the eigenvalues of p; and p,, we have

ap > By
3.1.10
{041—1-042_514-527 ( )

hence there exists A € [0, 1] such that

B = Aag + (1 = Aoy
{52 = (1= XNag + Aas. (3.1.11)

We have then

S(pg) = 9(B1) + g(B2)
=g(Aag + (1 = Naw) + g((1 — N)ag + Aas)
> Ag(aq) + (1 = N)g(az) + (1 = Ng(on) + Ag(az) = g(ar) + g(az) = S(pa).
0

It turns out that additivity holds for the von Neumann and the Rényi entropies but sub-
additivity - and strong subadditivity that is introduced further down - only holds for the von
Neumann entropy [LMW13].

Proposition 3.1.4 (Additivity of the Rényi and von Neumann entropies). The von Neumann
and the Rényi entropies are additive, i.e. for all RDM pa, pp respectively defined on Ha and
Hp, then we have

S(pa®pg) = S(pa) + S(pp). (3.1.12)

Proof. The proof follows from a direct calculation of S(pa ® pp). Let (\;) and (i;) be the
eigenvalues of p4 and pp, then we have

1
Sa(pA ® PB) = 1
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The proof is the same with the von Neumann entropy. O

Proposition 3.1.5 (Subadditivity of the von Neumann entropy). The von Neumann entropy
s subadditive, i.e.for all RDM pap defined on a tensor space Ha @ Hp, pa = Try, pap and
ps = Try, pap, we have

S(pap) < S(pa) + S(ps)- (3.1.13)

Before giving the proof, we state the Klein’s inequality.

Lemma 3.1.6 (Klein’s inequality). Let f be a convex function, A and B be Hermitian matrices
such that f(A) and f(B) are well-defined. Then the following inequality holds

Tr(f(A) — f(B)— (A— B)f'(B)) > 0. (3.1.14)
If [ is strictly convex, we have equality if and only if A = B.

Proof. We first write the spectral decomposition of A and B

A=>"ajla;){al
i=1

N (3.1.15)
B = Zﬁi\biﬂbil.

Then we have

n

Te(f(4) = f(B) = (A= B)['(B)) = }_ f(es) = f(B) = D_ l{as, B) e ' (5))

= 2 Haa B (F(es) = F(B5) + (85 — @) f'(8)),

where we have used that 7" [(a;, 8;)[* = 20—, [{ai, B;)|> = 1. We conclude using the convex-
ity of f.
The equality case follows from the strict convexity and the properties of the scalar product.
O
We can now prove the subadditivity of the von Neumann entropy.

Proof of Proposition 3.1.5. By additivity, we have

S(pa) + S(pp) — S(pap) = Tr(paplog(pag)) — Tr(pa @ idplog(pa ® idg))
— Tr(idA KpB log(idA ®p3))
= Tr(pas(log(pan) — log(pa @ idp) — log(ida ®p5)))
= Tr(pap(log(pap) —log(pa ®idp +ida ®pp)))
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where we have used that Tr(paplog(pa ®idg)) = Tr(pa ® idglog(ps ® idp)). It remains to
show that for positive semi-definite matrices M, N such that Tr M = Tr N, we have

Tr(M (log(M) —log(N))) > 0. (3.1.16)
The map x +— xlogz is convex hence by Klein’s inequality 3.1.6, we have
Tr(M log(M) — Nlog N) > Tr(M — N + (M — N)log(N)) > Tr((M — N)log(N)),
by simplifying Tr(/N log V) on both sides, we get (3.1.16) and this finishes the proof. O

Remark 3.1.7. Note that we have proved that the relative entropy - also called the Kullback-
Leibler divergence -

d(p1, p2) = Tr(p1(log(p1) — log(p2))), (3.1.17)

18 always non negative for RDM.

The von Neumann has an additional property that is useful to have better bounds of the
entropy of a larger blocks. This property is the strong subadditivity.

Proposition 3.1.8 (Strong subadditivity of the von Neumann entropy). The von Neumann
entropy is strongly subadditive, i.e. for all RDM papc on the tensor space Ha ® Hp ® He,
pAB, PC and pp the corresponding partial traces, we have

S(papc) < S(pas) + S(psc) = S(pB). (3.1.18)

The proof of the strong subadditivity follows the line of the subadditivity of the von Neu-
mann entropy [ALT70].

A summary of the properties satisfied by the Von Neumann and the Rényi entropies is
provided in Table 3.1.

Additivity Schur concavity Subadditivity Strong subadditivity

Von Neumann entropy YES YES YES YES
Rényi entropy YES YES NO NO

Table 3.1: Properties of the Von Neumann and Rényi entropies

3.1.3 Relationship between TT approximability and entropy scaling

For the Rényi entropy, for o« < 1 a bound on the entropy is sufficient to bound the TT error.

Proposition 3.1.9 ([VC06|). Let ¥ € C** be a normalised state and ¢;(r) the L* local error
by its TT approximation of TT rank r. Then the error is bounded by

11—«

logy(€;(r)?) < (Sa(pr;) —loga(753))- (3.1.19)
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These results are tied to the concept of area laws that states that the entropy is bounded
regarless of the system size d. This is proved for 1D Hamiltonian with nearest neighbour
interaction |[Has07] under the assumption that the system is gapped. Indeed, if the entropy
Salp1:j) for a < 1 is bounded independently of j and d, then the local error is polynomial in
the truncation rank r.

Numerous extensions of this result have been shown to include interactions with longer
interactions. For higher dimensions, area laws have not been proved although it is generally
accepted that the same statements should remain valid, in which case, the best tensor network
to approximate the ground-state of such systems will not be T'T but projected entangled pair
states (PEPS) [VC04].

Proof. We use the Schur convexity of the entropy and find a sequence that majorises the singular
values of V. n

For av > 1, the Rényi entropy provides a lower bound of the TT error. This gives a sufficient
condition for nonapproximability results.

Proposition 3.1.10 ([SWVCO08|). Let ¥ € C** be a normalised state and €;(r) the L* local
error by its TT approzimation of TT rank r. Then the error is bounded by

11—«

Sa(p1j) > logy (1 — €j(r)?) + logy(r). (3.1.20)

Proof. We use the Schur convexity of the entropy and find a sequence that majorises the singular
values of V. O

For the von Neumann entropy, we have the same result in the nonapproximable case.
However, counterexamples of states exist where the von Neumann entropy is bounded but
the state is not approximable by TT.

Proposition 3.1.11 ([SWVC08|). Let oy € C¥*" be the state defined by
Uon = /1 — pa 2O + /2% Z |z) @ |x), (3.1.21)
ze{0,1}N

with py and
2
IXa) = [Wan)®™. (3.1.22)

Proof. For the TT truncation error, for r < 2V the truncation error on ¥,y is bounded by
||\I/QN — TTT\IJQNH S PN, (3123)
thus the truncation error on y,; is bounded by

Ixar — TToxarl| < N?||Won — TT, Uon| < N2py. (3.1.24)
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For the entropy, let L < 2N3 then the d-orbital RDM of y,; is bounded by the /f-orbital
RDM of Wy where £ = L mod 2N

S(palxar))) < S(pe(Yan))

<S8
< S +
>~ pQN PN,

with p5y = (1 — pn)|2)®4(2]%" + B >_zefo1ye- Lhe von Neumann entropy of pé?, is explicit

S(Pg?/) = —(1 —pn)log(l — px) — pn log (&)
= —(1 = pn)log(l = pn) — pylog(pw) + lpn- (3.1.25)

We want the state to have a bounded entropy and not being approximable by a TT, hence we
need to pick py such that

e /py bounded ;
° N2pN — OO

thus py = O(55), with 1 < 8 < 1 will do. O

The different results regarding the boundedness of the entropy and the TT approximability
are gathered in Table 3.2.

Bounded entropy =~ Unbounded entropy

Rényi a < 1 TT approximable ?
von Neumann ? Non TT approximable
Rényi a > 1 ? Non TT approximable

Table 3.2: TT approximability and entropy. Question marks mean that both can happen.

Although this counterexample seems to indicate that the von Neumann entropy is not suited
to assess the TT approximability of a state, results that are obtained using the Fiedler order
are generally satisfactory.

A heuristic argument relying on the strong subadditivity of the von Neumann entropy
suggests that the Fiedler order is a first order optimiser of the block entropy. However as shown
by the counterexample, it is not sufficient to argue that the state is easier to approximate by a
TT. This suggests that such counterexamples are scarce.
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3.2 Mutual information and the Fiedler order

The Fiedler order has been introduced in [LRHO03| inspired by the notions of quantum entan-
glement in quantum information theory. It is the default ordering method in the major DMRG
codes [LRH03, CHG02, RNW06, FKK*18].

For a quantum state ¥ € C?", we introduce the quantum mutual information matriz (QMI)
I;; € R™*L by

S(pi) +S(pj) — S(pig),i # j
0,2=y

The QMI is exactly the Kullback-Leibler divergence between p;; and p; ® p;. As such, by
Equation (3.1.17), the QMI has nonnegative entries.
The motivation of the Fiedler order scheme relies on the following proposition.

Proposition 3.2.1 ([Ali21]). Let ¥ € C* be a normalised state. Let 1 < j < L —1 and
1<6< % Then we have

J
S(pr) <D S(pok) = Tnss: (3.2.2)
k=1

To minimise the block entropy S(pi.;), assuming that the one-site entropies are all of the
same order, it is reasonable to maximise the QMI of neighbouring sites. This is the main idea
of the Fiedler order. Before sketching the algorithm, we will prove the previous proposition.

Proof. By the strong subadditivity of the von Neumann entropy 3.1.8, forall 1 < k < j— 9 we
have

S(pr:j) + S(prss) < S(pksrs) + S(Prr15)- (3.2.3)

Summing these equations, we obtain

j—a -0
S(p1;j)+z (Pr+s) Z (Pri+o) +5(pj—si1:)
k=1 k=1

j—0o

j—6
S(p1) < Z S(pr) — Z Iy irs + S(pj—s41:5)
=1 )

Mm

S(px) — Iy kts,

ol

=1
where we have used the definition of the QMI and the additivity of the entropy. m

For the Fiedler order [LRH03, BLMR11], the function that is minimised is the total entan-
glement

Liss (0 Z L ;|7 (i) — 7(5)]%, (3.2.4)

7,0=1
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over the set of permutations m € Py.
As it is a combinatorial problem, it is necessary to resort to an approximation in practice.
In that case, the problem that is solved is the minimisation of

d
Tgist(x) = Z I jlx; — fl?j\z, (3.2.5)

ij=1

with z € R? under the constraint that >, z; = 0 and ||z||2 = 1. Introducing the graph Laplacian
Lij = D;; — I;; where D is the diagonal matrix with diagonal entries D;; = Z?Zl I;;, we see

7R
that
d
ITLZL' = Z Ii,j|$i - ZL’j|2. (326)

ij=1
The solution to this minimisation problem under the constraint that >, z; = 0 and ||z|j; =1
is given by the second eigenvector of d (the lowest eigenvalue is 0 by construction of d), which
is called the Fiedler vector . The Fiedler order consists in ordering the sites according to the
magnitude of the entries of the Fiedler vector.

Indeed the Fiedler vector is related to the problem of graph partitioning or in our case the
man-cut of the graph. The QMI matrix can be seen as a weight on the graph with d vertices, for

which we need to determine a partition of the vertices into two distinct sets A and {1,...,L}\ A
such that it minimises
oI (3.2.7)
i€A,j¢A

For simple cases, it can be proved that the Fiedler vector solves this problem by considering
A = {i| x; > 0}. It is generally believed that for weighted graphs, the Fiedler vector is a good
approximation to the min-cut problem.

3.3 An example: minimal-basis H

To illustrate the different ordering methods, we now apply them to the minimal-basis Hy wave-
function

U = |(cpa+spp) T, (Cpa+s'pp) | > (3.3.1)

where ¢4 and ¢p are respectively the bonding and antibonding orbitals. In the occupation
representation, the state W has the following form

4
Y = CC,(D(H()()) + CS/(D(logl) - SC/(D(OH()) -+ Sslq)(l)Oll) S ® (CQ. (332)
i=1

We will compute the singular values of the matrix reshape Witz € R2°*2* for the different

orderings of the basis set delivered by all the above ordering schemes. To avoid degenerate
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cases we assume that all coefficients ¢, s, ¢/, s’ in (3.3.1) are nonzero.
Canonical order. We abbreviate the single-particle basis states as {A 1, A |, B 1, B |}.

Directly from (3.3.2) we see that with respect to the canonical order in which the bonding
orbital with either spin comes first,

At Al Bt B, (3.3.3)

H1p2
the reshape Wiir2 is

poE 00 01 10 11
00 ss’
01 —sc
10 cs'

11 cc

The singular values are
(CC/)Z, (CS/)Q, (SCI)Q, (88/)2
and the rank of the matrix reshape is 4.

Fiedler order. We begin by working out the one- and two-orbital density matrices and
the corresponding entropies. The one-orbital quantities are elementary to compute, they are

@ _ [0 @ _ [§% 0 @ _ [0 @ _ [d* 0
Par = 0 2| Pap = 0 2| PBr = 0 2|’ Ppr = 0 $?|°

It follows that

3=

SST) = sg% = —c’logc® — s’logs® =: s € (0, 1],

3% = Sgi = —c?logd? — s%logs* =: 5, € (0,1].
As regards the two-orbital density matrices, we find after some calculation that

528'2 C2612 S2C/2 C2C'2
826/2 2) 628l2 2) 828l2 2
242 ]7 PBrBL = |: $2c/2 ]7 ParBl = |: 202 ]7 PaiBt =
2Cl2 528/2 828/2

028l2
828/2 .
820/2

It follows that S@ = —tr p® log p® =: S, is the same for all four matrices. Moreover writing
out the above trace and using ¢® + s? = 2 + 5’2 = 1 we find that

2  _
Paral =

C

STi = 51 + Sy (334)

The two remaining two-orbital RDMs contain off-diagonal terms

0
- @) _ 8/2 c’s’(CQ _ 52)
pATBT = 2 8/2) 2 ’ pAiBi - c/S/(C2 — 82) c'? ’
0

0
(2) s? —cs(c'? — 5'2)
—es(

0

We denote the associated entropies by SffT)BT =: S, SffB , = S)y. The mutual information
matrix and graph Laplacian are thus, using the vanishing of all nearest-neighbour elements of
I by (3.3.4) and denoting a := 2sy — Sy, b:=2s; — 5},
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AT Al BT Bl AT Al BT Bl

AT 1] 0 0 a 0 AT a 0 -a 0
I= Al]| O 0 0 b L= Al 0 b 0 -b
BT | a 0 0 0 BT | -a 0 a 0
Bl| 0 b 0 0 Bl 0 -b 0 b

To determine the Fiedler ordering we need to find the second eigenvector of the graph Laplacian,
alias Fiedler vector. The first eigenvector is always, by construction, the constant vector,
with eigenvalue 0. For the above L, by inspection the remaining eigenvalues are 0, 2a > 0,
2b > 0, with eigenvectors (1,—1,1,—-1), (1,0,—1,0), (0,1,0,—1). The second eigenvector is
thus (1, —1,1,—1). It follows that the Fiedler ordering is

At Bt Al B (3.3.5)

(up to re-ordering the orbitals in the left block, re-ordering the orbitals in the right block, and
flipping the two blocks; none of this affects the singular values). The matrix reshape Wiz with
respect to this ordering is

el 00 01 10 11
00 0
01 ss’ sc
10 cs' od
11 0

Since the middle block is the rank-1 matrix {j [c’ s’}, the singular values are

1,0,0,0

and the rank of the matrix reshape is 1. We see that the Fiedler order has dramatically improved
the decay of the singular values.
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Chapter 4

Area laws for one-dimensional systems

Area laws have first been stated rigorously for ground-state of one-dimensional gapped systems
with nearest neighbour interactions (NNI) by Hastings [Has07|. Later on, another proof using
approximate ground-state projector has been discovered yielding better bounds [AKLV13|. For
both proofs, the goal is to bound the Rényi entropy of the RDM p;.;1¢—1 by a constant S
independent of ¢ and of the size of the system

Sa(pjjre-1) < S. (4.0.1)

By Proposition 3.1.9, this implies that there is a T'T approximation of the ground-state with
l—a
TT ranks bounded by 27 °.

4.1 Hastings area law

4.1.1 Hamiltonian with nearest neighbour interactions

The NNI Hamiltonian considered is of the form

d—1
HO =) W, (4.1.1)
j=1

where H'@ is an operator acting on ®?:1 R™ and W, is a two-body operator of the form
idg-1g ®W ® idpj42,4-

Assumption 4.1.1. We assume that for each d, the many-body Hamiltonian HD has a unique
ground-state \Il((]d) with eitgenvalue 0 and a spectral gap v > 0 independent of d.

If the gap closes not too fast, it is possible to still get a polynomial bound on the TT
approximation of the ground-state instead of an exponential one.
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Remark 4.1.2. Hastings’ proof also holds if we relax the form of the two-body operators W
to be such that idp_1) @W; @ id[j42,4 with W acting on R" @ R™. In that case, if the operators
W, satisfy the following conditions

o the operators W are uniformly bounded, i.e. there is a constant C' such that for all
3 W5l < C;

e the commutators are uniformly bounded, i.e. there is a constant J such that for all j,

1[W5, Wil < J.

The first assumption can actually be lifted and is taken for simplicity. As long as the com-
mutators [hj, hji1] are uniformly bounded, the proof can be adapted to unbounded operators

(see [Ali21]).

4.1.2 Lieb-Robinson bounds

An essential ingredient of the area law by Hastings is the repeated use of the Lieb-Robinson
bound for NNI Hamiltonians. This bound describes how the correlation evolves for local oper-
ators.

Proposition 4.1.3 (Lieb-Robinson bound [NS06]). Let A € £ (Q);c; R") and B € Z(Q),c,; R")

be two operators with IN.J = . Let A(t) = e* " A @idxe e ™ with H'D given by (4.1.1).
Then there are constants c,a,v > 0 independent of A, B or d such that

IA(),id; @BJ|| < c[1||J[[| A[l[| B[ exp(=a(d(l, J) = vlt])), (4.1.2)
where d(I,J) = mines jes | — j|.

The Lieb-Robinson bound is stated here in the special case of a one-dimensional NNI Hamil-
tonian but it holds for more general local interactions types [NS06|. In that case, the distance
d is replaced by the natural distance of the interaction picture.

The Lieb-Robinson bound enables to state that the evolution of a local operator remains
local by the next lemma.

Lemma 4.1.4. Let A € L(X®Y). We assume that Y is finite-dimensional. Suppose there is
e > 0 such that for all B € Z(Y), we have

I[A,idx @BJ|| < [|BJ|. (4.1.3)
Then there is an operator Ay € £ (X) such that
|A— A ®idy || <e. (4.1.4)

Moreover, if A s self-adjoint, then Ay can also be chosen self-adjoint.
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Proof of Lemma 4.1.J. The operator A; is explicitely constructed: take A; = ﬁ Try A =
f% v) idx ®U*Aid ®U dU where dU is the uniform Haar measure on the unitary matrices of

Y. Then we have

||A—A1®idy||=H/

idx 2U°[4,idoU]dU | <e.
2 (Y)

]

Corollary 4.1.5. Let A € Z(Q,;R"), { > 0 and I =1{i|3ielli—i <. Let
A(t) = e™"A @ idge e with HD given by (4.1.1). Then for all t € R, there is an
operator Ay(t) € L(Q),;;R") such that

LA®) — Af(t) @ idy. || < d|I][| Al exp(—a(t — o]t]). (11.5)
If A is self-adjoint, then A,(t) is self-adjoint for all t.

Proof. Combining Lemma 4.1.4 with the Lieb-Robinson bonud (4.1.2), we directly get the
result. O

4.1.3 Main theorem and Hastings area law

The main result in Hastings seminal paper states that the ground-state projector can be expo-
nentially well approximated using an almost tensor product of operators with an overlapping
domain of size ¢ independent of the size of the system.

Theorem 4.1.6. Let H'? be the Hamiltonian defined in (4.1.1) satisfying the assumptions /.1.1.
For any 1 < j <d and any { > 0, there are operators Oy, € L (M), Om € L (Hj—uj10) and
Or € L (Hjt1.a) with [|On||, |OL|l, |Orll <1 and there is f > 0 independent of ¢ and d and
C > 0 depending polynomially on d such that

[(id1j— -1 ®O0u @ idj4041:)(Or @ iy 1.0) (i1 @OR) — [B6) (VY]] < Cexp(—p0). (4.1.6)
From eq. (4.1.6), the area law and the TT approximation of the ground-state follows.

Corollary 4.1.7. Let \I’(()d) be the ground-state wave function of H'Y given by (4.1.1). Then
the following assertions are true:

(i). there is a constant S independent of L such that Sa(|‘1’éd)><l1'gd)|) <S;

(i1). for any e > 0, there is a TT approrimation TTT\II(()d) with TT rank r independent of d of
\I’(()d) such that
ITT, 2" — | <e.

Remark 4.1.8. It is possible to choose the operators Or, Oy and Or to be nonnegative. By
construction, O, and Og are nonnegative and by a little trick, Oy can also be chosen nonneg-
ative [Has07].



50 CHAPTER 4. AREA LAWS FOR ONE-DIMENSIONAL SYSTEMS

Sketch of an almost-proof of Theorem 4.1.6 The proof of the theorem relies on the
following approximation of the ground-state projection

1 iH (D¢ —5_2
- i a dt 4.1.7
P Vg /Re o (4.1.7)

where ¢ > 0 is fixed later on. Using the spectral gap assumption, we see that
d d _1l s
o — 1957 (@0 < €727, (4.1.8)

where 7 is the spectral gap.
Using the NNI structure of the Hamiltonian, we can write

H=Hpr+ Huy,

L
with HM = Z;+2 ¢ hk and HL+R = Z

. sqq(d)
h hi. The evolution e “* can be
kejot T Zk>j+§ F

Nl

written
ei’H(d)t — otHLp Rt Nt ,—iH L Rt IH L RE
The trick is to realise that e'fL+rttiHuto—1HL iRt {5 the solution to
iU'(t) = U(t)eHr+rt e Hient
U0) =id.

Since Hy; = id1 e ®]:.7M®id L using Corollary 4.1.5, then for all ¢ € R, there is H(f[)(t) €
j—i j 5 :
L (H;_r.j+e) such that

([eHeert Hype~Hient —idy sy @HL (1) © idjresra || < 2400 Har|l exp(—a(s — olt])).

Thus the operator elf/z+rt+iHmto=iHL 1R/l can be approximated by

*

t
6iHL+Rt+iHMt€—iHL+Rt = Texp </ idlzj_g_l ®H](\?(T) X idj+€+1:d d7'> ,
0

where for an operator A(t), T exp ( fot A(7) dr) is the time-ordered exponential defined by [RS75,
Chapter X.12]

t
t
TeXp </ A(T) dT) = lim eA(tN)AteA(tN—1)At . eA(tl)At, t, = kAt, At — ﬁ
0

N—oo
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Using a Duhamel formula, the approximation of the ground-state projector is

. 2 1
) (@ eM Ve 2 dt 4 O(eT7)

i,
N 27q Jr
1 t 0 2
_ 2—7.[_ / TeXp / idl:j,g,1 ®H ( ) & 1d]+f+1d dT) 1HL+Rt€ 2q dt
—i—O( 27 q+q3/2 —a€>
We would be done if it were possible to write e7t+7" ~ O ®id;;1.4id1.; ®Opg for Of, € L (H1.;)

and O € Z(H;j4+1.q) that are independent of t. In order to do so, another transformation is
applied to Hy; and Hy r to guarantee that such a step is justified.

Proof of Theorem 4.1.6

Lemma 4.1.9. Let ¢ > 0 and p, be defined by

iH( D¢ £
e e 2adt. (4.1.9)

1
Pq = V274 Ju
Then we have
log — [y (@] < e (4.1.10)
where 7y is the spectral gap.

Proof. This follows frorn the spectral gap assumption 4.1.1 and the fact that the Fourier trans-
£ 1
formoftr—>re 2qlswr—>e22. O

Lemma 4.1.10. For 1 < j<d and ¢ > 0, let

14

j+3
Hy = Z hy, Hp= Z hg, Hpg Z D,
k<j— 3 k>]+3
Forq >0, let

1 . i,
Hy(q) = Moo / e M e™ Ve T2 dt — (B Hy Tl (4.1.11)
Hi(q) = \/W/ e HY ) (H e B - (B H el (4.1.12)
Hrlq) = \/_27r_ / O KO T g ) (4.1.13)
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Then for all ¢ > 0, we have

H = Hr(q) + Hu(q) + Hr(q), (4.1.14)
and )
_=.2
| #r (@) 20" | 1 (0) 257 |, [ H () R | < e 27, (4.1.15)
Proof. Since H = Hy, + Hy; + Hp, eq. (4.1.14) is clear. For eq. (4.1.15), we have
d 1 _iy @ A D (d) - d d d
Hau(q) ¥y = qu/Re HO e gD 2t — (B0 1y o) B
1 —iH Dt pL (d) L
= ! Pi-Hy ¥ 2q dt

where Py = id —| @) (¥ | We have
|25 Har | < | HHy || < 5| H, Ha 27| <
Hence using again the spectral gap of H?, we obtain

(d) ~57%1
[ Har(q)®g || < yJe 27" (4.1.16)
The same proof applies to H;, and Hp. O

The operators Hp(q), Hy(q) and Hg(q) do not have the same support as Hy, Hy and
Hpg. In fact, their support is now the full Hilbert space Hy.;. However, this can be solved by
truncating the operators using Corollary 4.1.5.

Lemma 4.1.11. There are self-adjoint operators Hy(q), Hy(q) and Hr(q) with respective
support in Hi.j, Hj_20/3:5420/3 and Hjy1.q such that

1Hai(q) — Hur(@)]| S [[Bl|€*dePem/2,
1Hi(q) = Hu(q)l| S 2| °de* e/,
1Hr(q) = Hr(@)|| < [[hl|¢*de e/,
Proof. We only give the proof for H 1 (q) as it is identical for the other truncations. By Corol-
lary 4.1.5, there is an operator H](\f[) (t) with support in H;_2¢/3.j4+2¢/3 such that
e ™ ™0 — B @] < [|hl|*d exp(—a(¢/3 — vlt])).

2 N
Using that for p,q > 0, [~ erle 20dt < ¢'/2e7*1/2 We deduce that there is an operator H;(q)
such that

|1 Hu(a) = Hy(@)ll S IIh][Fde/Per™ /2,
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Lemma 4.1.12. Let ¢ > 0 and p, be given by

= 1 / i(HL(q)+Hp (9)+Hr(q))t -£
Pg=—5— | € e 2adt,
e \/ 27Tq R
where Hy(q), Hy(q) and Hg(q) are defined in Lemma 4.1.11. Then we have
~ d d _a o202 _1ls
[P = 12" (G| < 1l dg!2emetle™e™? 4 2. (4.1.17)

Proof. The proof relies on a Duhamel formula:

~ d d ~ d d

15 = 195G < 17 = pall + 1o — 157 )(6"I

1

V2mq

< ||h]|dg"/2emat3eta™ /2 e_%VQ%

<

[ o e _ o3 gp g o7,
R

where we have used Lemma 4.1.11. OJ

Lemma 4.1.13. Let ﬁL(q) and [:TR(q) be the operators defined in Lemma /.1.11. Let o > 0
and Or(q) and Or(q) be the following spectral projections

Orlg) = Y 1N@], Orlg) = > 125y (@{?], (4.1.18)

[N <o A<a
where (CI)E\L)) and (@&R)) are the normalised eigenvectors of Hy(q) and Hr(q). Then we have
1/ ~ -
1080, =W < = (1| H1() = Hulg)ll + 1 Hrla) — Hrlq) | + | How" | + | Haei"])).
(4.1.19)

and
| (L @+HR@ _30)O L OR|| < 2alt|. (4.1.20)

Proof. We first prove the estimate (4.1.19). Since O (q) and Og(q) commute and are bounded
operators by 1, we have

10L0R®S) — WV < 0,8 — W) + [0S — V. (4.1.21)
We have
A>a

1 ~
<o [ apo)|
NI za

L= d
< | Hula) %"

L& d
< (1) = He(@)| + [ H " ).
Estimate (4.1.20) follows from the definition of O and Og. O
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A final lemma is needed before completing the proof of Theorem 4.1.6 about the splitting
of the evolution ei(AL(@+Hu(@)+Hr(@)t

Lemma 4.1.14. With the notation in Lemma 4.1.11, there is a family of operators ]TI](\? (t) €
L (Hj—v.j+0) such that

*

t ~ ~
(L @)+ o (@)+ Hr(@)t TeXp< / iy o1 @AY (r) @ idss i1 dT) (L () +Hrla)t
0

< t||h||Pdexp(—a(l/3 —v|t])), (4.1.22)
where for a family of operators A(t), T exp (fot A(T) dT) is the time-ordered exponential.

Proof. We can write

A HL(@O+Hn (@) +Hr(@)t _ Si(HL(@)+Ha (@) +Hr ()t ,—1(HL(0)+HR(0)t i(HL (@) +Hr(a))t
By differentiating we notice that elr(@+Hu(@+Hr(@)te~i(HL(@+Hr@) {5 the solution to

iU'(t) = U(t)ei(flL(q)+f1R(q))tHM€—i(17L(q)+I7R(<J))t
U(0) =id.

Alternatively, the solution to the equation above can be written

~ ~ ~ 3 ~
AHL(@)+Har @)+ Hr ()t ,—i(H @)+ Hr(q TeXp< / (L (@) +Hr(@)7 f ) o=1(H1(@)+HR(g d7> '
0

Using a Lieb- Robinson bound and Corollary 4.1.5, there is a family of operators PN[](\? (t) such
that for all t € R, H (1) € L (H;j—r.j+e) and

L@+ HR@) L@+ ARt _iq, - @ HO (1) @ idjs e, d”
< [|n]|*d exp(—a(t/3 — v]t])).

It remains to bound the difference between T exp (fot AL @+Hr@)T ] e~i(HL(@)+HR(q d7'>

and T exp (fot idy e ®f[1(\?(7) ®1dj1r41.4 dT). Recall that for a family of operators A(t), the

time-ordered exponential is defined by

t

t

TeXp (/ A(T) d,7_> — hm eA(tN)AteA(thl)At . eA(tl)At, tk — kAt, At — N
0

N—oo
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By a Duhamel formula, the difference of the time-ordered exponentials can be bounded by

¢ 7 7 ~ ~
HTeXp ( / HL@+HR@)T py o=I(HL(@)+HR(2)T dT)
0

t
— T exp (/ idyj—r—1 ®HJ(\?(T) ®idj 4410 dT) H
0
< t||h]|Pd exp(—a(l/3 — v]|t])).
This finishes the proof of the lemma. O]

We have now all the ingredients to prove Hastings area law 4.1.6.

Proof of Theorem j.1.6. Let Op and Og be the operators defined in Lemma 4.1.13. Then we
have

d d d d 1 ~ ~ d d
1@37) (2" = [267) (R |0LOR+— O He(a) = Hila) |+ Hr(0) = Hr(a) |+ | Ho¥” |+ Hr g ).
Thus with Lemma 4.1.10 and Lemma 4.1.11, we obtain

1
TOVTD| = (B DY B0, 05 + LO(~Te370 1 ||h]|e2dg  2e—ot/5 15 )
[ 0 0 0 v q
(67

Using that Oy and Opg are bounded operators by 1, in combination with Lemma 4.1.12, we get

2
9)+Hn (a)+Hr(a))t e 2q0 O dt+o<||h||€ dql/Ze—a€/3€qa2v2+ﬂ€—%72q>
(07

T Dy (@[
)| = -

\/27r
2
Nz /Texp / L@+ HR@) [ o=i(HL(@)+HRr(q dT) e—é_qei(ffL(q)JrfIR(q))tOLOR dt
(HhH‘e d 1/2 —a€/3 qa v? + ﬂe—%’qu>’
Q

where we have used Lemma 4.1.14. By Lemma 4.1.13, we thus have

.2
|\I’ >< /Texp /ldlj /— 1®H()( )®idj+g+1:d dT) e QQOLORdt

+ O(@q1/2 + ||h||€ dql/Ze—af/fieqa v? + ’Y‘Je %’y q)
(0] [0

All it remains to do is to set the parameters a and ¢ to prove Theorem 4.1.6. Taking ¢ = ¢/
1,
such that (% +av?)§ < % and o < e 27 give (4.1.6). O
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Chapter 5

DMRG for the electronic Schrodinger
equation

Density matrix renormalisation group [Whi92] (DMRG) is an alternating scheme to solve linear
problems or eigenvalue problems in the tensor train format. In the mathematical community, it
is also referred to the alternating linear scheme (ALS) in its simplest version or to the modified
ALS (MALS) |[HRS12a|, which is the equivalent to the two-site DMRG. In DMRG, given a
symmetric matrix H € R™ XM we want to solve for x, € R™ " the linear problem

Ha, = b, (5.0.1)
for a given b € R"""4_or for (A, @,) € R x (R™"\ {0}) the lowest eigenvalue problem
He, = \z,, (5.0.2)

For both problems, a tensor train representation of the operator H is needed in order to
efficiently implement the DMRG algorithm.

5.1 Tensor train operators

5.1.1 Graphical representation of tensors

As we are going to manipulate formulas involving more and more tensors, it can be helpful
to have graphical representations of the summation over shared indices between tensors. This
operation is called tensor contraction.

Let u € R">**" he a tensor. The graphical representation of w is given by Figure 5.1.
Elementary operations between vectors and matrices are explained in Figure 5.2.

o7
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i1

12

7

15

Figure 5.1: Graphical representation of an order 5 tensor w. The tensor u is represented by its
vertex and its indices by the five free edges.

- v : A : v A :
12 * lg ———— 11 (31
(a) Vector v,. (b) Matrix AZ? (¢) Matrix-vector  product

(Av)il = Zm A:fvw

Figure 5.2: Contraction of tensors. Every pair of connected edges is a summation over the
shared index.

5.1.2 Definition of tensor train operators

Definition 5.1.1 (Tensor train operator). Let H € R™"ax" " pe q matriz. A tensor train
operator (TTO) representation of the matriz is any tuple of order j tensors (Hi,...,Hy),

Hj, € REw—vmxmxBy (Ro— R, = 1) such that
Vinj € [[n]]7%]1Jd - Hl[ih.jl] T Hd[idajdL

11...04

or written with the strong Kronecker product
'H:Hlm'--NHd.

(Ro, ..., Rq) are the TTO ranks of the TTO representation (Hy,...,Hy). (Hy,...,Hy) are the
TTO cores of the TTO representation.

In the context of tensor trains, this is the natural generalisation of the tensor product of
operators. Indeed let hy € R™*™ for k € [d], then the operator H = hy ® - - - ® hy has a TTO
representation of TTO rank 1 with TTO cores given by Hy[ix, ji] = (hk)i, ;. for k € [d].

The diagrammatic representation of a TTO is similar to the diagrammatic of a TT as
illustrated in Figure 5.4.

A TTO representation of a matrix can be obtained by reordering the indices of the matrix
H and g)erforgning a TT-SVD on the resulting tensor. More precisely, by defining the tensor
7_[ E RTLIX'“XTLCI

_ qqi1--Jd
%i1j1§~~~§idjd =H;

i1...0g )



5.1. TENSOR TRAIN OPERATORS 29

i

Ay A, As Age A Ay
i3 i i2 i3 ta—2  ld—1 iq
(a) Tucker decomposition (b) Tensor train decomposition

Figure 5.3: Tucker and tensor train decompositions. From the graphical representation, at first
sight we see that the Tucker format still has an exponential dependence in the order of the
tensor, whereas this exponential dependence has disappeared in the TT format.

J1 J2 Js Ja
H2l 1H3
Hl T T H4

11 (%) 13 14

Figure 5.4: Diagrammatic representation of a TTO
we realise that a TTO representation is simply a T'T representation of H.

5.1.3 Algebraic properties

Like the TT representation of vectors, the TTO format has some algebraic stability property.

Proposition 5.1.2. Let G, H € R™"ax"1="d pe matrices and (G, ..., Gyq), Gy € REAE < xmi xR
and (Hy,...,Hy), Hy € RE xmexmex B po respectively TTO representations of G and H. Let

x € R™"" pe vectors with respective TT representations (Xi,...,Xq), Xp € RPXTia %77
Then

(i). the sum G+ H has a TTO representation (Sy,...,Sq) given by

Suli il = [Galin i) Hili i, Siliai = [0 4]
il 0 (5.1.1)

Sklix, Ji] = 0 Hylik, ji]

yk:z”wd—l
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(ii). the matriz-vector product y = Hx has a TT representation (Yi,...,Yy) with Yi[jx] €

RRkH—lrIiilXRllc{TIi(
g
Yilin) = Hilin, jil ® Xiljl, & € [d]. (5.1.2)
Jr=1

(i11). the product GH has a TTO representation (Pi, ..., P;) given by

Pylir, ji) = Zk Grlir, ] ® Hi[lr, ji), k€ [d]. (5.1.3)

=1

Proof. This is a direct computation. O]

Remark 5.1.3. The TTO representations of the sum and the product of the operators are not
optimal. This is clear in the case of the sum G +H when we consider G = H. A TT rounding
step is required in order to reduce the TTO ranks of the representation. This is not innocuous as
essential properties of the matriz can be lost in the rounding procedure (symmetry for instance).

A diagrammatic proof of the formula for the product of two TTO representations is given
in Figure 5.5, avoiding cumbersome computations.

g1 o ja J1 J2 Js Ja

J3
| | | |
H 1 lH H. H.
0 2 3 H, 0, 21 l 3 Hy
Py Py
Ga Gs Go Gs
Gy G G1 ) G4

4 hd
[ = T

il iz ig i4 ’il ig 13 i4

(a) Diagrammatic representation of the (b) Diagrammatic representation of the
product of two TTO product of two TTO

Figure 5.5: Diagrammatic proof of the product of two TTO. The left panel is the diagrammatic
representation of the product of two TTO. On the right panel, the boxed tensors P, are the
TTO cores of a TTO representation of the product GH, provided that the double edges shared
between neighbouring P, are gathered into one edge.

Example 5.1.4. Let us consider the following matrixc H € R xn

H=hRid®-- - ®id+---+idRid®---® h,

where h € R™™ 4s a symmetric matriz and id s the identity in R™ ™. Since the matriz
h®id®---®id is a TTO of rank 1, a naive application of Proposition 5.1.2 yields a TTO
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representation of H of rank d. However it is possible to achieve a rank 2 representation with
the following construction

.. . 5id‘d
}th1>]1]:: U“Lh 5hj1]7 lydhdajd]:: [h,j.]
tdjd
1)

Hylig, ji) = {hikjk 5

Tk Ik

. (5.1.4)

IkJk

], k=2...,d—1.

Note that this representation also satisfies the property stated in Proposition 5.1.5.

Proposition 5.1.5. Let H € R™"a*™""d pe o symmetric matriz. Then there is a TTO
representation of H such that

Proof. O]

5.1.4 The electronic Hamiltonian as a TTO

The electronic Hamiltonian operator in second quantisation is given by

d d
1
H = E hichch + ) E Vijkgcjc;r-c@ck, (5.1.6)

i,j=1 1,5,k =1

where h;; (resp. Vijre) correspond to the one-electron integrals and two-electron integrals with
Mulliken’s convention [HJO14]. The tensor representation of the creation c;-r and annihilation
¢; operators can be written as a tensor product of 2 x 2 matrices

=29 QZ0CRid®-- - ®idy € R***" (5.1.7)
d=Z9 - 920CT®id®- - ®id, € R**¥ (5.1.8)

where C (resp. C'T) appears in the i-th position and

0 1 1 0
C—[O 0], and Z_[O _1].

Since the creation and annihilation operators are written as Kronecker products, their TTO
rank is 1. Using the algebraic properties of TTOs in Proposition 5.1.2, a naive implementation
of the TTO of an electronic Hamiltonian has TTO rank scaling as d*.

Noticing that the reshape of the two-body interaction at any cut is at most of rank d?, we
deduce that the TTO rank of the electronic Hamiltonian can be reduced to O(d?) [CKN*16,
BGP22|. The TT-SVD is useful to compress these ranks to the optimal ones. To preserve the
particle conservation and the symmetry of the Hamiltonian, this procedure has to done with
great care.
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Remark 5.1.6. In popular implementations of QC-DMRG, it is usual to work in the space
orbital picture. Namely instead of having sites that can be either occupied or unoccupied,
sites can be unoccupied, occupied with spin up or down, or doubly occupied. The expression
of the electronic Hamiltonian is similar to the spin orbital case. The main reason of using
this representation is that it is more suited for an implementation that preserves the SU(2)
symmetry.

5.2 The DMRG algorithm

The DMRG algorithm [Whi92| is an algorithm to solve linear systems Hx, = b or the lowest
eigenvalue problem Hax, = Ax, using the variational characterisation of the solution to both
problems. As such it is limited in the resolution of linear problems with symmetric and positive-
definite matrices. In the following, we assume that H is a symmetric, positive-definite matrix.

Assumption 5.2.1. The matriz H € R" "X md 45 symmetric and positive-definite.

The solution to the linear system Hax, = b is also the minimiser of the functional

Z, = argmin %(:c,’Hm) — (b, x). (5.2.1)

ZERML N4

Using the Rayleigh-Ritz principle, the lowest eigenvalue of H is given by

. (z, He)
T, = arg min ————

. 5.2.2
rERM1 " Nd (:IZ, fE> ( )

The first idea in DMRG is to reduce the minimisation set to the set of TT tensors with
prescribed TT ranks r

«//TTST = {U | EI(Ak)ke[[d]] € X R™Xe=1XTe i e [n], w5, = Aqlir] - Ad[id]},
keld]

and thus solve, for example in the linear solve case, the following problem

&, = arg min l(:Jl:,’;‘-tas> —(b,x). (5.2.3)

mG///TT<r

The practical trump of the DMRG algorithm now relies on the fact that the approximate
minimisation problem above is solved by a sequence of much smaller symmetric positive-definite
linear systems of size O(r4.;Rrro). These problems are tractable and moreover it is possible
to import all the technology developed in numerical linear algebra to solve these problems
efficiently.
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5.2.1 General algorithm

The DMRG algorithm, also known as alternating linear scheme (ALS) [HRS12a], is an alter-
nating optimisation over the set .#rr_,. The general idea is to perform a descent step for each
TT core separately. Let T'T be the map

RTOXHI X7y X oo X RT‘d,1 XngXrq N Rnl"'nd
TT ‘ '
(Xla--'aXd) '—)Xl [><][><]Xd: (Xl[zl]"'Xd[Zd]),

Introducing the functional J(x) = 3(x, Ha) — (b, x) and j the map
(X1, Xg) = JoTT(Xy, . .., Xa), (5.2.4)

then minimising J over the manifold .Zpy__ is the same as minimising the functional j over
the product space R™*" x R™M*72X72 ... x RMd-1%"d;

1
min  —(x,Hx) — (b,x) = mir}( J( Xy, ..., Xa).

w€</fTT<r X1,0ey d

In the one-site DMRG procedure, the minimisation of j is carried out sequentially over (X}) by
freezing all the T'T cores but one and by solving the minimisation problem for the remaining
core. More precisely, for k € [d], let P, be defined by

R’r'k,1 XN XTp - R’n1><---><’nd
Py : (5.2.5)
Vi Xipdeopd Xy Vo Xgyq -+ Xy
The minimisation problem to solve is the following
1
min J(PV) = min —(P,V,HP,V) — (b, P,V).
VER k—1X"kXTk VER k—1X"EXTk 2
If the minimiser is denoted by Y}, it thus solves
PIHP.Y, = Pb. (5.2.6)

A natural condition to impose on Py is that it is a partial isometry, for the following reason.

Proposition 5.2.2. If Py is a partial isometry, then the linear system (5.2.6) has a unique
solution.
Moreover the condition number of the linear system (5.2.6) is bounded by the condition
number of H., i.e.
conds P,;r HP,. < condy H.
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Proof. Since Py is a partial isometry, the matrix PJH P, is symmetric positive-definite, thus
the linear system has a unique solution.

The bound on the condition number follows from the fact that P, is a partial isometry, as
we have the inequalities Apin (P HPr) > Amin(H) and Apax (PTHP) < Amax(H). O

It is rather simple to impose that P, defines a partial isometry, by imposing that the left
T'T cores are left-orthogonal while the right T'T cores are right-orthogonal.

Lemma 5.2.3. Let (A;);cqy be a TT representation of some tensor & € R™>* " For k € [d],
if (Ay,...,Ag_1) is left-orthogonal and (Agy1, ..., Aq) is right-orthogonal, then Py is a partial
1sometry.

Proof. For V € R"-1%"X"k e have

ni

IPVIP =Y T (Xalia) " - X [ina] "V ik] " X [igea] T+ X [i] T

X3 [Zl] .. Xk—l[ik—l]v[ik]Xk+1[ik+1] ... Xd[@d])
= Zl . ZlTr Xk 1]k 1]T .. 'Xl[il]TXl[il] oo X1 [ie—1]V]ix]

Xk+1[ik+1] o 'Xd[id]Xd[id]T o ‘Xk+1[ik+1]T)

= Z Tr Vi) "V zk]) = [|V]?,

=1

where we have used the cyclicity of the trace and the orthogonality of the T'T cores. Thus Py
is indeed a partial isometry. O]

The final algorithm is described in Algorithm 5.1, where at each step of the algorithm, we
perform a linear solve for a reduced matrix P]H P, and a root shifting of the orthogonality
center of the TT.

The optimisation steps (5.2.7) and (5.2.8) are called microsteps. An iteration over the loop
s is called a sweep. Notice that at each microstep (5.2.7) or (5.2.8) the left TT cores are left-
orthogonal and the right-TT cores are right-orthogonal, thanks to the root shifting step in the
ALS algorithm.

5.2.2 Implementation details

In this part, we give some details about the implementation of the DMRG algorithm described
in Algorithm 5.1, as well as the total computational cost of a sweep. Each microstep corresponds
to solving a linear system of size O(nr?) (where n = maxn; and r = maxry), hence at first
glance, the storage cost would scale as O(n*r?) and the computational cost of solving each
linear system would scale as O(n3r®) with a direct solver and O(n?r*) for an iterative solver.
Using the structure of the matrix P,;r H Py, better scalings can be achieved.
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Algorithm 5.1 One-site DMRG with sweeps

Input: (Xl(o), .

, X éo)) in right-orthogonal TT representation

Output: (X ... X)) e M., approximation of the minimiser in .#rr_, of .J

function ONE-SITE-DMRG((X\”, ... ,XC(IO)))
s=0
while not converged do
for k=1,2,...,d—1do
1 s+
Yk(8+2) = argmin j(Xf +2)7‘--a
VkERT’C*1 XN XTE
(s+3)\ 8
Qv R = qr((Yk : )aifu‘k)
(X(s+%)[i Dak — Qak )
k El) ag_y Qap_1ik
(X,S:l[ik+1])zi+l <~ (RX,gi)l[im])ziH-

end for
for k=d,d—1,...,2do

Yk(erl) —

VkERTk71 Xnk ><7‘k

L,Q = 1q( (") )

O —1
(X = (@
S 1 . Qp_1 S % . Q-1
(X,i_t2)[lk—1])a:72 — (X/i—t )[Zk_l]L)ai,z
end for
s=s5+1
end while

return (X\¥ ..., x\9)
end function

(s+3) (s
X2 v, X

s+1 s+2 s
argmin (X X v, x DL

> Forward half-sweep

LX) (5.2.7)

> QR decomposition

> Keep @
> Shift R to the right

> Backward half-sweep

, Xy (5.2.8)

> LQ decomposition

> Keep @)
> Shift L to the left
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The matrix P]HP, A critical step in DMRG is to efficiently implement the effective matrix
PIH P, (see Figure 5.6).

Al A2 52 ﬁS
B1 Az Az Ay
. Aq J3
J1
Ho 1H3
Hg H3 Hl H4
H1 H4 T
3
ip @1 Az As Ag
Ay Ay Ao a2 @3

(PfHP)I € (b) Effective matrix (PJHP;)28% ¢

(a) Effective matrix o
121
RTQTL3T3 XT2ns3rs

ernl Xrini

Figure 5.6: Examples of P H P

As the TT ranks can be large (of the order of 10° —10%), it is inefficient and useless to build
the effective matrix PkT ‘HPy. Instead, what is needed is the matrix-vector product P,I HP. X,
where X} € R™-1""k_ For this, a splitting of the effective Hamiltonian is used and it is written

Ry

T Br—13kBr Br—17kVk Bk
(Pk %Pk)ak_likak - Z (Ek)ak_lik (Rk)akyk (529)
l/kzl
This splitting is illustrated in Figure 5.7.
Al Az 52 [33
Ay
Js3
H;y e H3+ Hy
i3
Ay
Aq Ao a2 a3 Rs3

Figure 5.7: Splitting of the effective Hamiltonian

For iterative solvers, it is more relevant to focus on the computation of the matrix-vector
multiplication. It goes as follows (see also Figure 5.8)

Br—11B Br—1JxV, B
(PI;I—HP’“) e <Xk>/3k—1jk/3k - <(£k)04]11—11j%}1: ' <Xk)5k—1jk5k> (R’“)az%’ (5'2'10)

11k Ok

1.€.
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(i). first, we compute for i € [ng], vk € [Ri], a1 € [rr—1], B € [r%] the sum
Tk—1 Nk

Br—1JxV
Z Z (‘Ck)az—iz: k(Xk>5k—1jk/3k'

Br—1=1jr=1

This scales as O(n*r?R).

(ii). in the second step, the previous tensor is contracted with Ry: for ag_1 € [re—1], ax € [r&],
ix € [ni], we sum

Rr 7rg 5
Z Z (Eka)Otz_ﬂkﬁk (Rk)a];c”k

vp=1pi=1

This scales as O(nr®R).

So overall the matrix-vector multiplication costs O(n?*r?R + nr®R).

X3

X1 X2 a2

(a) Tensors L3, X3 and Rg (b) First step in the matrix-vector product
X1 Xo X3 X4
Hy Hs
Hl T H4
i3
X1 Xo a2 a3z Xy

(¢) Result of the matrix-vector
product

Figure 5.8: Matrix-vector product (5.2.10)
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X4
X1 X2 ﬁ2 53
X4
J3
By
B l By
Bo Bs
(a) PJb (b) Possible splitting of Py b

Figure 5.9: Graphical representation of PJb

The RHS Pb The assembly of the RHS is simpler than of the effective Hamiltonian. Sim-
ilarly, it is possible to precompute the left and the right parts of the RHS as depicted in
Figure 5.9b.

Operator updates The final main contribution to the total DMRG cost is the update
of the effective Hamiltonians from one microstep to the next one. We would like to compute
L1, Rgy1 from Ly, Ry. In the case of a forward half-sweep, let us focus on the computation
of Ly41 from L. This can be done in 3 steps:

(i). as in the matrix-vector product we first compute for i, € [ng],vx € [Ri],
Op_1 € [[Tk_l]],ﬁk c IITk]] the sum

Tk—1

5
Z Z alli ijliyk Xk)ﬂkﬂjkﬁk'

Br—1=1jr=1

This scales as O(n?*r’R).

(ii). we then contract the result of the operation above with Xy, so for each ay € [rg],
v, € [Ry], we need to compute the following sum

Tk—1 ng

Z Z (L:ka):Z—likIBk (Xk)akflikak

Br—1=1jr=1
This scales as O(nr3R).

(iii). finally, once the previous step is performed, one needs to contract with TTO core Hy 1, S0
for each i1 1, jrr1 € [nka1], vkr1 € [Rrsa], o, Bk € [rx], the following sum is computed

Tk—1 Nk

Z Z Xklcka ( k+1)ykik+1jk+lyk+1

Br—1=1Jjk=1

This scales as O(n?r*R?).
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(b) First step in the update

X1 X X3
B3

H2 H3 H4
Hy

X1 X2 2 X3

(c) Second step in the update (d) Third step in the update

Figure 5.10: Microstep operators updates

The cost of assembling Ry from Ryy1 has the same scaling. The total cost of DMRG is
summarised in the following Proposition.

Proposition 5.2.4 (Total cost of DMRG). The computational cost of DMRG scales as
Niweepd((n*12R 4 173 R) Nyatvee + n°12R?), where Nyyeep 15 the number of total DMRG sweeps
and Npatvee 1S the maximal number of matriz-vector products in all the microsteps.

5.3 Convergence of DMRG

The global convergence of DMRG is a difficult problem, as the T'T manifold is not a convex
set. The convergence results on DMRG are local and assume that the Hessian of the functional
j is of full-rank.
Assumption 5.3.1. At the local minimiser x,, the Hessian j" is of full rank
d d—1
rank ;" (x,) = Z Tio1nTi — Z r, e kerj’(x,) = Ty, Myr_. (5.3.1)

=1 i=1
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10’ e
[
o
=
@
¢
S 107
o
@
o
®
L] o ] L] ll a ®
0 4 6 8
Half-sweep

Figure 5.11: Convergence to the solution of Ha, = b with H the discrete Laplacian in R >4,
b a random tensor of T'T rank 2. The reference solution has T'T rank 10.

5.3.1 Local convergence of DMRG

Assumption 5.3.1 ensures that the Hessian is invertible at the solution to the DMRG equations.

Theorem 5.3.2 (|[RU13, Theorem 2.7|). Let @, be a local minimiser of the problem (5.2.3).
There exists a neighbourhood W C ‘%TTSI' m *//TTgr of ®, such that Algorithm 5.1 initiated
with £© ¢ W converges to the minimiser x,.

5.3.2 Half-sweep convergence

A more surprising result states that if the TT ranks in the DMRG algorithm are exactly the
TT ranks of the sought solution, then DMRG returns the ezact solution in a half-sweep (see
Figure 5.11).

This result is shown in the case of H = id in [HRS12a].

Proposition 5.3.3 (|[HRS12a, Lemma 4.2|). Let b € R™>**" with TT ranks (ro,...,rq). Let
(B1, ..., Bqg) be aleft-orthogonal TT representation of b. Let (X1,...,Xy) be a right-orthogonal
TT with TT ranks (ro,...,rq). Suppose that (Xi,...,Xy) is such that for all k € [2;d], the
matriz G € R'—1*"—1 defined by

(Gx) Brrony — Z Z (Xklie))ar - '(Xd[id])ad_l(Bk[ik])gi,l"'(Bd[id])ﬁd_l.

1s invertible. The DMRG algorithm applied with H = id converges in a half-sweep.
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The condition on the initial guess is related to a nondeficiency of the initialisation of the

DMRG algorithm.

Proof. We are going to prove by recurrence that there are Q) € R™*"™ for k € [d — 1] such

1
that the solution of the DMRG microstep k can be written X,EQ)[@';C] = Qr_1Bx[ix]) Q1 -
Initialisation: since (X1, ..., X ) is right-orthogonal, we have that P P, = id. The solution
to the first microstep is simply given by

ZBMlﬁl G2 51

Let Q7, R, be the QR factorisation of Gy. Then

X1l Z Bilin]s, (Q1)3, -

Iteration: suppose that for all j € [k — 1], we have

X = 5 @B @,

Bi-1,B;

1
At microstep k, by left-orthogonality of (X](-Q))lgjgk_l and right-orthogonality of (X;)k+1<j<d,
again the solution to the microstep k is given by

Veliles = S0 Bulials, - Bulin) 2 X2 iy - X2 k)22 (Grn)
x1...0 1

B1---Br

By the recurrence hypothesis and the orthogonality of the TT cores (B;)i<j<k—1, the above
expression simplifies to

Valiel 5 = > Bililg  (Quen)f ! (Gren)
Br—1,8k

Now let Q], Ry be the QR factorisation of Gyy1, then

Xe[inokr = > (Que1)5” "Byl 5 (Qu)5E,

Br—1,8%
which is exactly Xy[ir] = Qr_1Bx[ir]Qf. This finishes the proof of the proposition. O

Remark 5.3.4. A similar result holds for tensor rings, see [CLL20).
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5.4 Two-site DMRG: how to dynamically adapt the TT
ranks

The main limitation of the one-site DMRG algorithm is the inability to dynamically adapt the

TT ranks of the approximate solution during the course of the iterations. A small modification

of the one-site DMRG makes it possible to have more flexibility in the T'T ranks. The main

idea is to solve the microstep in DMRG not only on one-site but on two neighbouring sites.
In that case, at each microstep k, the functional that is minimised is

N1 XroXr Th_1 XN XN XT NgXrqg—1 Xr,
{Rl 0XTL s Ly R7F—IXURXTUEXThLL L s RMEXTd-1XTd _y R

X1y, X1, X, Xy oo, Xa) = Jo TTw( X1, o X1, X, Xy o, X))

(K)

Ja (5.4.1)

where

__ Rnl XroXry oo X RkaanankXTkﬁ,l X oeee X R'I‘LdX’r’d71 Xrq N Rnl'”nd
TT, . . o . .
<X17 oo X1, X Xk+1; .. 7Xd) = (Xl [21] e 'kal[lkq]X[Zk, Zk+1]Xk+1[Zk+1] . 'Xd[’ld])-

The TT rank adaptivity comes in the transformation of the microstep solution back to a suitable
TT form by a truncated SVD
(Xoék+1ik+1) _ Uasavg + 0(6),

Q-1

where U, € R"-1"*" G € R™" and V, € R"+1"+1*" and r is chosen such that the truncated
SVD has error €. U, is (up to a reshape) the new TT core X and r is the corresponding TT
rank. The full algorithm is given in Algorithm 5.2.

In practice, the truncation level ¢ is used to monitor the error in DMRG. It can also be used
to extrapolate some quantities as the lowest eigenvalue as depicted in Figure 5.12 [WPAV14].
Theoretically, unlike the one-site algorithm, there is no convergence result on the two-site
algorithm (except in the case where no truncation is made).

5.5 DMRG on eigenvalue problems

DMRG is primarily used to solve eigenvalue problems. In that case, the functional to minimise
is J(x) = %;i? At each microstep, instead of solving a linear system, the following generalised
eigenvalue problem has to be solved for the lowest eigenvalue

PIHP.V = AP P.V.

In that case, it is numerically beneficial to ensure the good orthogonality conditions for the
approximate solution in the TT form, so that P P, = id.

Apart from this change, the algorithms 5.1 and 5.2 can be modified in a straightforward
way to solve eigenvalue problems instead.

For multiple lowest eigenvalues, there are two main options



5.5. DMRG ON EIGENVALUE PROBLEMS 73

Algorithm 5.2 Two-site DMRG with sweeps

Input: (Xl(o),...,XéO)) in right-orthogonal TT representation with initial TT ranks

(7’(()0), RN ,Téo)), ETT

Output: (X\¥,. .. ,X(gs)) € AMrr., approximation of the minimiser of J

function TWO-SITE-DMRG((X{O), . ,X(go)), £7T)

s=0
while not converged do
for k=1,2,...,d—2do > Forward half-sweep
ol s+1 s+1 s s
Yt = arg min G X v x @ X (5.4.2)
ol .
VkeR'r](cj—lQ)xnkxnk Xr](chl
s+1 ik
U.S.VT = svd., (v ) i) > Truncated SVD of Yj
1
r,isﬂ) = rank of the SVD truncation to level epr > Update TT rank
(s+1)r. a a
(ch ’ [Zk})aZl =Usl i . > Update Xy
(X0 [ika]) 0 = (SVT)agrien > Update X1
end for
fork=d—-1,d—2,...,2do > Backward half-sweep
L S L S s
Yk(SJrl) = arg min jék)(Xl(s+2)7 s 7XI£—J;2)7 V}C? XIE-:;I)? te 7Xc(l +1)) <543)
(s+3%) (s+1)
VkeRrk—z XTLkX'!LkXT’k
s+i 17
U, S, VT = svd... ((Yk( 2))’2';2;;“) > Truncated SVD of Y},
r,(csﬂ) = rank of the SVD truncation to level epr > Update TT rank
(X i) )0 = Vs > Update Xy
(XT)er = (US)eE L, > Update X
end for
s=s+1
end while

return (X% ..., x\9)
end function
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@ Two-site DMRG @ Two-site DMRG
——— Linear regression —Li

Linear regression

107% 10 107% 107

(a) Hubbard model with 10 sites (b) Hubbard model with 20 sites

Figure 5.12: Extrapolation of the ground-state energy FE. for the Hubbard model where FE. is
computed with the two-site DMRG algorithm with truncation e

(A).
(ii).

deflate the computed eigenvalues

use the following characterisation of the & smallest eigenvalues (A1,..., \x) of H

) Tr(XTHX)
Z Ai = min o
i1 X cR"1 g Xk TI"(X X)
This approach is described in [DKOS14]. Essentially, the TT representing X € R"1-maxk
has an extra index accounting for the number of eigenvalues sought. At each microstep,
this index is “moved” to the next microstep during the QR/SVD step.
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