Chapter 4

Krylov subspace methods

The iterative methods in the previous chapter are only using the knowledge of the previous
iterate to build the next one. Instead, it seems preferable to include more directions to improve
the approximation of the solution to the linear system Az, = b. This idea is formalised in
the framework of the projection processes and in this setting, we will see that the Krylov
subspace methods emerge as a natural candidate for these projection processes. The celebrated
conjugate gradient algorithm and GMRES are two instances of projection processes based on
Krylov subspaces.

4.1 Projection process

4.1.1 Definition and well-posedness of the projection process

Definition 4.1. Let 6 and % be k-dimensional linear subspaces of C", A € C"*" and
20 e C". We say that %) € C™ is the result of a projection process if there exists z%) € .7,

such that
{z(k) =20 L (k)

4.1
ORI WCRR (4.1)

We say that the projection process is well-defined if x%) exists and is uniquely defined.

We immediately notice that r#) = r(0) — A2(*) hence the condition can also be phrased
as Az®) 1 7O 4 4 The goal is to establish natural conditions on %} and % under which
the projection process is well-defined. We will call .}, the search space and %} the constraint
space.

Proposition 4.2. Let (c1,...,c,) (resp. (s1,...,Sk)) be a basis of € (resp. 7%) and let
Cr = [e15...5¢) and Sy = [s15...;5k]. The projection process is well-defined if and only if
CLASy, is invertible.

Proof. By definition of the projection process, we can write *) = 20 4+ St for a vector
tr € CF. By the orthogonal constraint, we have r(*) 1 %, which means that C’,’;r(k) = 0. But
r8) = 0 — AS.t;, thus we find that ¢, solves CLASKt, = C,:r(o)‘ ti is uniquely defined for
all () if and only if CLASy, is invertible. O
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40 CHAPTER 4. KRYLOV SUBSPACE METHODS

Under the assumption that the projection process is well-defined, we can wonder whether
there are conditions such that the norm of the residual r*) is bounded by the norm of the
initial one ||r(®)||. We have

T(k) = T(O) — ASjty
=7 — A8y (CrAS) T Cir©
(id —ASk(CrASy) 1 Cop)r @,

By a simple calculation, we see that the operator P, = ASk(C’ZASk)_lC; is a projection. If
we require [|r®)|| < ||| for any #(©), then we need Py to be an orthogonal projector. In
that case, a possible choice is to take Cj = ASy.

If the matrix A is Hermitian positive-definite, we can also investigate whether there is

another choice by looking at the operator norm of the error z®) — g,

[2®) — 2|4 = |42 (@®) — z,)]|
=A@ + Spty — )|
= [|AY2 (@) + S(CrAS) T Cpr ) — a)|
= [|AY2(2©) 4 S, (CFAS) ' Ci (A, — Az @) — 2,)||
= || (id —AY2S),(C AS) L CRAY2) (A2 — AV 23, ).

The matrix Qf = Al/QSk(C’zASk)*lC,’;Al/Q is also a projection, which is not orthogonal in
general. Again a natural choice to ensure that Q) is an orthogonal projector is to set Cy = Sk.

In both cases, we will show that such choices for the constraint space lead to a well-defined
projection process.

Proposition 4.3. Suppose that A is invertible and let ./, be a k-dimensional subspace of C™.
Then

1. if 6. = AS%, then the projection process is well-defined;

2. if A is Hermitian positive-definite and 6 = %%, then the projection process is well-
defined.

Proof. 1. By Proposition 4.2, it is enough to check that C}AS} is invertible where Cj =
[c15...5¢x) and Sy = [s1;...; k), for some basis (c1,...,cx) (resp. (s1,...,sk)) of G
(resp. .7%). Let y € CF such that CrASpy = 0, then ASiy L 6, = A%, Hence
ASry € A N Ayk{ hence ASpy = 0, thus y = 0 since A is invertible and Sy is
full-rank.

2. Again it suffices to check that C};ASy is invertible. Let y € C* such that SpASry =0,
then y*S; ASky = 0, thus ||Sky||a = 0. Since Sy, is full-rank, y = 0.
O

4.1.2 Krylov subspace methods

Looking at the residual or the norm of the error gives a condition on the constraint space. It
remains to see how to wisely pick the search space .%%.
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Proposition 4.4. Suppose that the projection process (4.1) is well-defined. Assume that
r0) e A and AS), = .F,. Then we have r®) = 0.

This means that the projection process gives the exact solution to the linear system Ax, =
b, if ¥ is a stable subspace under A.

Proof. By definition, we have r*) = 70 — A2(*) where 2(¥) e .7,. Since r(® e .7, and
ASy = S, %) e AA . Thus there is y € CF such that r*) = AS,y. By definition,
r*) 1 %, hence C’;r(k) =0, so C; ASiy = 0. Because the projection process is well-defined,
this means that C}AS}, is invertible hence y = 0 and rk) = 0. O

From the previous result, it seems reasonable to start with .#; = Span(r(?)) and work with
nested sequences spaces .1 C ¥ C .... Since we want to find a stable subspace under A, it
is natural to introduce the Krylov subspaces.

Definition 4.5. Letv € C*, A € C"*" and k € N. We call K, (A, v) = Span(v, Av, A%, ..., AF=1y)
the Krylov subspace.

Proposition 4.6. With the notation of Definition 4.5, the following assertions are true
1. Kp(A4,v) C Kky1(A,0);

2. there is an integer d € N such that

]Cd+1(A, U) = ’Cd(A, 1})
Ki—1(A,v) # Kj(A,v), V1<j<d

The integer d is called the grade of v with respect to A;
3. for j <d, where d is the grade of v with respect to A, dimIC;(A4,v) = j;
4. if A is invertible and d is the grade of v with respect to A, then AK (A, v) = Kq(A,v).

Thanks to the last property, the Krylov subspace (A, r(o)) is a good candidate for the
search space of the projection process.

Proof. The first three properties are clear. We have AK (A4,v) C Kay1(A,v) = K4(A,v), so it
suffices to show that dim AK4(A,v) = dim K4(A,v) to have the equality. Let (a;)1<i<q € C?
such that Zle a;A' = 0. Since A is invertible, this means that Zf:_ol ;1A' = 0. But
(A")g<icq—1 is a basis of Kg(A,v), thus a; = 0 for all 1 < i < d. Hence (A%)1<i<q is a free
family and dim AK4(A,v) = d = dim K4(A4,v). O

From this study, we have established that Krylov subspaces are good candidates for a
search space for the projection process, as they guarantee a termination of the algorithm after
a finite number of steps. For the constraint space, based on the norm of the residual or the
error, we have identified two possible choices

1. %k:Ayk;

2. ¢, = %, if A is Hermitian positive-definite.
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In both cases, we have already proved that the projection process is well-defined. Taking . =
Kr(A, 7"(0)), the first choice yields the GMRES algorithm and the second choice the conjugate
gradient algorithm. We collect all these results and state the mathematical characterisation
of both algorithms in the next theorem.

Theorem 4.7. Let A € C™*™ be an invertible matriz, b € C" and x, € C™ be the solution to
Az, =b. Let (9 € C" and r© = b — Az . Assume that r© has a grade d > 1 with respect
to A. Let %) be defined by the projection process (4.1):

z® =20 4 20 yhere 20) € .7,
rB) =p— Az® 1 4.

1. (Characterisation of the conjugate gradient algorithm) If A is Hermitian and positive-
definite, . = 6 = ICk(A,r(O)) for all 1 < k < d, then the projection process is
well-defined for every 1 < k < d and '9 = x,. Moreover we have the following
characterisation for all iterates x(k), 1<k<d

2~z Lg Ki(A,r @), and 2™ — 2,4 = min |z — zu|la.  (4.2)
2€x(0) +/C, (A,r(0))
2. (Characterisation of GMRES) If .7 = Ki(A, 7)) and €, = AKL(A, 7)), then the
projection process is well-defined for every 1 < k < d and =% = z,. Moreover we have
the following characterisation for all residuals r®), 1 < k < d

r®) L AKL(A,r ), and ||r®)| = min b — Az|. (4.3)
zez(O)Jr)Ck(A,r(O))

Proof. The well-posedness is given by Proposition 4.2 and the termination of the projection
process is obtained by combining Proposition 4.4 and Proposition 4.6.

We now turn to the mathematical characterisations (4.2) and (4.3). These characterisa-
tions rely on rephrasing the orthogonalisation with respect to the constraint space %} as an
orthogonal projection with respect to a new scalar product.

1. by definition of the projection process, we have r*) = b — Az*) = Az, — x(k)) 1% =
Kr(A, 7“(0)). Hence we have, using that A defines a scalar product

2P~z LAKKA, T ) & 2®) — 2, 14 Kp(A4,r D) & 20 4200 5 14 K(A, 7 O).
Since z(¥) belongs to the subspace ., = Ki(A4,7(?), we have that

12® + 2@ —ga=  min_[lz+2©@ -4
2K, (A,r(®)

which is exactly Equation (4.2).
2. by definition of the projection process, we have r*) = b — Az(®) | %, = AICk(A,r(O)).

This is equivalent to A*A(z®) — z,) L Kr(A, 7). Since A*A defines a scalar product,
we have by the same reasoning as before

l2® —2ilaa = min 2420 =z aa.
2€K 5 (A, ()

Using that for any y € C", ||y||4. 4 = (y, A*Ay) = || Ay||?, we have (4.3).
O

The mathematical characterisations (4.2) and (4.3) will be central in establishing the
practical algorithms and the convergence rates of both algorithms.
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4.2 The conjugate gradient algorithm

The CG algorithm is an iterative method to solve Az, = b when A is Hermitian positive-
definite. This algorithm has several properties that make the algorithm efficient numerically:

e it has a short-term recurrence that makes it cheap to implement;
e it has a well-understood convergence behaviour based on the spectrum of the matrix A.

Such features are not shared with the GMRES algorithm as it will be exposed in Section 4.3.

In order to see that the CG algorithm has a short-term recurrence, it is natural to look at
the Gram-Schmidt process to build an orthogonal basis to K (A, 1"(0)). This is the goal of the
Arnoldi algorithm.

4.2.1 The Arnoldi algorithm

For this algorithm, we are not going to assume that A is Hermitian positive-definite. We
simply require A to be invertible. The Arnoldi algorithm is simply a Gram-Schmidt process
for Ky (A,v) = Span(v, Av, ..., Ak=1y).

Algorithm 4.1 Arnoldi algorithm
function ARNOLDI(A, v, k)
v

V1 :W
for j=1,...,k do
fori=1,...,jdo
hi]' = <’UZ',A'U]'>1
end for

Ujr1 = Avj — S0 hijo;
hjt1,j = [0l
if hj+17j 75 0 then

Yjit+1
Vil =
I Rt
end if
end for
return (vy,...,vg)

end function

The Arnoldi algorithm breaks down if in the course of the algorithm hjyq1; = 0. As we
are going to show, it does not happen if j < d where d is the grade of v with respect to A.

Proposition 4.8. Let v € C" be of grade d with respect to A. Then the following assertions
are true

1. the Arnoldi algorithm 4.1 is well-posed for k < d (i.e. hji1; # 0 for j < d—1), moreover
forall j <d—1, (vi,...,v;) is an orthonormal basis of Kj(A,v);

n

!the convention used is (z,y) = 3" | Ty
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hit . . hi
2. let V), = [vl, e ,vk] e C"*F and let Hy, = han : e CF** then
0 ‘ hir—1 hik
AVy = Vi Hyp + hig1 k0% 4161 (4.4)
and
Vi AV = Hyg; (4.5)

8. if A is Hermitian, then Hyy is tridiagonal with real entries.

hit ... e hik
Remark 4.9. Matrices of the form hn € CF*k are called upper Hes-
0 hik—1 hik

senberg.

Proof. 1. by definition of the grade of v, (v, Av, ..., A7~1v) is a basis of the Krylov space
K;j(A,v). Since (v1,...,v;) are obtained from a Gram-Schmidt process of (v, Av, ..., A7~ 1v)

2. by definition of the algorithm, at each step j < d we have

1 hi;
A’Uj = Zhij’ui = Vj+1
= hjt1i
Thus
hit hi2 ... Ay
hat  hao
AV =Vig1 | 0 ha
0 Ptk

=V, Hp, + hk+1,kvk+1€£~
The second identity (4.5) follows from the orthogonality of (v;)1<j<kt1-

3. we have V7 AV}, = Hy;. The matrix Hyy, is upper Hessenberg and V;F AV}, is Hermitian
if A is Hermitian, hence Hyy, is tridiagonal. It remains to show that the entries of Hgy
are real. We have hji1; = ||0j41]| and hj; = (vj, Av;), thus the entries are real.

O

The Arnoldi algorithm has a remarkable simplification when A is Hermitian. It is not
necessary to reorthogonalise the vectors Av; against (v;)1<i<j—2, by the property above. The
resulting algorithm is called the Hermitian Lanczos algorithm.

The three-term recurrence in the Hermitian Lanczos algorithm is the reason why the CG
algorithm has also a short term recurrence.
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Algorithm 4.2 Hermitian Lanczos algorithm

function HERMITIANLANCZOS(A, v, k)
v = ﬁ
for j=1,....kdo
hjj = (v, Avj)
Uj+1 = Avj — hjjup = hj-10j-1
hjt1,j = [0l
if hJ'JrLJ' 75 0 then

o, — Yitl
Uit = Ry
end if
end for
return (vi,...,vg)

end function

4.2.2 The practical CG algorithm

From the Hermitian Lanczos algorithm, we will at first derive the three-term recurrence of the
CG algorithm.

Let (v1,...,vq) be the family of orthonormal vectors obtained by the Hermitian Lanczos
algorithm applied to ICd(A,T(O)). We are going to exploit the tridiagonal structure of the
matrix Ty, = VAV, k=1,...,d.

Lemma 4.10. There exist (ju1,. .., pq—1) € R and (M1, ..., ) € R such that for all 1 <
1
T pr 1 )
k < d, we have Ty, = LAy L;, where Lj, = ) ) and A, = diag(A1, ..., A\g).

pr—1 1

Proof. The matrix T}, is tridiagonal and positive-definite, so it has a unique LU factorisation
Ty = LiUg. Since T} is Hermitian and invertible, we can factorise the diagonal elements of
Uj. Using the uniqueness of the LU factorisation, we have a unique factorisation of T} of the
form

Ty = LAy LE,
1
w1
where Ly, = ) ) and Ay = diag()\gk), . .,)\,(f)). It remains to show that
k

'ul(c—)l 1

()\;k)) and (ugk)) are independent of k. This is done by noticing that
T; L A LT
Ty = F ap | = i i e
Qg ‘ Br+1 Mk ‘ 1 ‘ Ak+1 ‘ 1

_ [ LAy LT ,ukLkAkek:|
Mke;;FAkLk: )\k+1

By identification, the claim is proved. O
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Proposition 4.11. Let 79 be of grade d with respect to A Hermitian positive-definite. Let
(v1,...,vq) be the vectors obtained by the Hermitian Lanczos algorithm. With the notation
of Lemma 4.10, there are coefficients (cr)1<k<a defined iteratively such that the CG iterates
(x(k))lgkgd and (r(k))lgkgd are defined by

Pk = Uk41 — WkPk—1
a® == 4y (4.6)
R
where p_1 =0 and CE)O) =0.

Proof. By definition of the CG algorithm, we have

20 = 2O L0 0 ¢ g (A, rO) o
rB) = b — Ax®) 1K (A, (), '

We know that for each k < d, (v1,...,vg) is a basis of (A, 7‘(0)) soz®) = 20 4+ Vit t, € Ck

and Vi, = [Ul, . ,vk] Hence r®) = r(©) — AV, ;.. By orthogonality, we have Vk*r(k) =0, thus

VEr©) — vV AVit, = 0 and ty, = (VFAV,) "1 V(). Plugging this in %) and using Lemma 4.10
k k k k ggmng g

yield

a® = 2O v (v Av) v ©
= 2O L VL TA L VO,

Let 13;.c = VkL,;T = [ﬁo, . ,f)k_l]. 131: solves ﬁkL{ = V% so the columns of ng satisfies
1 m

[pba'"aﬁk—l] h :[’Ul,...,vk}

[ﬁ[)aﬁl + ulﬁOa s 7ﬁk71 + /'kalﬁk‘72j| = I:/U17 s 7/016}7

which is the first item in Equation (4.6).
We have

e ® = 2O v L TA L Y ©)
=20 4 ﬁkAlglﬁ,:r(O)

=20 4 [181@;1, Pr—1]

= 2O 4 P AL PO 4

5x p(0)
_ P17 .
— z(k 1) + ka—l,
Ak
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Ak (0)
which is the second item in (4.6) with ¢ = p’“‘/\l’:

For the last item, we use the definition of r*) and the expression of z(¥)
rB) = p— Ax®) = (=D o Ap .
O

Since the Arnoldi vectors (vj)1<j<q can be generated using a three-term recurrence, the
CG algorithm derived from Equation (4.6) can be rephrased in a three-term recurrence. There
is however a way to get rid of the Arnoldi vectors and rewrite the CG algorithm into a two-
term recurrence, which is the standard way to implement CG. This is based on the following
observations on the vectors p; and r),

Remark 4.12. 1. the vectors (Pj)o<j<d—1 define an A-orthogonal basis (i.e. (p;, Apj) =0
if i £ j): we have L
PjAP; = L]'ViAV,L, T = Aq.

2. P € Span(r(k),ﬁk_l) for all0 <k <d—1. Since py, = Vg1 — Ur—1Pk—1, it is sufficient
to prove that r®) and vyy1 are colinear:
r®) = b — Az®) = b — A2 + Vi (VEAV) TV ©)
=7 — AV (Vi AVE) e ©)
= O —VVer© — e gog el (Vi AVE) V(O
= —hyp1pvkraer (Vi AV) T Ve,

where we have used that AV, = Vi (V AVy) + hk+1,kvk+16{ by Proposition 4.8 and

Vka*T(O) =7 since Vi.Vi¥ is the orthogonal projection onto Span(vi,...,vx) and vy =
(0
[l

3. we have r® L +() for any j < k: by definition of r9) we have r) = (0 — Az0) with
20) € IC;(A, 7O, thus r) € Kji1(A, @) but r®) L KCp(A,r®) D Kjp1(A,r®).

The idea is to generate the sequences (z(®)), (pg), (r®)) of the CG algorithm (py and py
are colinear) starting with py = 7 and using that

e pp = rk) 4 wipr_1 Where wy is chosen such that pr L 4 pr_1;
o r(F) = p(k=1) _ ap_1App_1 and ay_q is set such that r®) | pk=1),

Compared to Equation (4.6), the choice of the constants a1 and wy has to be justified:

e a1 ensures that r(*) | r(*=1) as by A-orthogonality of (p;), we have
(D App_1) = (Pt — Wi—1Pk—2, A1) = (Pr-1, APi—1)-

e wj, ensures that pr L 4 pr_1

0 Ape) W60 1 P
Pk—1, APEk—1 Pk—1, APk—1 Qp—1 T
( Apg—1) ( Apg—1) (k=12
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Algorithm 4.3 Conjugate-gradient algorithm

function CG(A4,b, 2@, Et0l)
po=7r0 =b—- A2 k=0
while ||r®)|| > g4, do
k=k+1

— b2
k=1 = T App_1)

k) = g(k=1) 4 Ok —1Pk—1
r®) = =D — o Apy_y

pe = 1" + wyp_s
end while
return z(F)
end function

The cost of implementing the CG algorithm is a single matrix vector multiplication at
each step, and the storage of the vectors z®), +(*¥) and py.

The properties of the CG sequences (z(®)), (p;,) and (r*)) which have been discussed above
is summarised in the theorem below.

Theorem 4.13. Let A € C"*" o Hermitian, positive-definite matriz, z©) € C" such that
0 =b— Az is of grade d with respect to A.

Then the sequence (x(k)) defined by Algorithm 4.3 is the conjugate gradient algorithm
characterised by ||z®) — z,][4 = min, e, 004k, (4,,0) 12 — Z4l[a where . is the solution to
Az, =b.

The algorithm stops after d iterations with the exact solution: (¥ = x,. The family of
residuals (r(j))ogjgk_l defines an orthogonal basis of Ky(A,r©) for each 1 < k < d and
(pj)o<j<k—1 is an A-orthogonal basis of Ki(A, 1)) for each 1 < k < d.

4.2.3 Convergence of the CG algorithm

Using the mathematical characterisation of the CG algorithm, we can estimate the speed of
convergence of the CG algorithm.

Recall that z(®) is defined by [|z¥) — z,]4 = min, e ,0) 4k, (4,0) |2 — Zl[a. Let 2z €
2@ 4 (A, ), by definition of the Krylov space Ki(A,7(?), we can write

k-1
2z =20 4 ZCiAiT(O)7 (Ci)o<i<k_1 € CF,
i=0
thus
k-1
2=z =20 -z, + > GAT (20 — 2,) = ¢(4) (2 - 2.),
i=0

where ¢ is a polynomial such that ¢(0) = 1 and deg¢ < k.
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The minimisation problem becomes

o) = olla = min J6(4)@® -2
peCH[X]
$(0)=1

= min [|AY2¢(A)(2© —2,)||
$eCk[X]
#(0)=1

= min [|¢(A)A2 (@0 — z,)|
$eCF[X]
$(0)=1

< min lo(A) [ — 2]
$€CPX]
$(0)=1

Since A is Hermitian and positive-definite, there is a unitary matrix U and a diagonal
matrix A with positive entries such that A = UAU*. The matrix norm of ¢(A) is then
[lo(A)]| = maxi<i<n |#(A;)]- This gives a convergence result for the CG algorithm.

Theorem 4.14. Let %) be the k-th iterate of the CG algorithm with A. Let0 < Ay < --- <\,
be the eigenvalues of A. Then we have

(k) _ < ) 0) _
le® — 2.4 < ¢I§C1g[l]1§13<>; 60 1120 — .. (4.8)
#(0)=

Remark 4.15. If £k = n, by picking ¢ as the Lagrange interpolation polynomial such that
?(0) =1 and ¢p(N;) =0 for all 1 <i <n, we prove that CG stops after n iterations.

It appears that it is convenient to relax maxi<i<n [¢(As)| to maxy, <x<n, |¢(A)| in order to
explicit a convergence rate of the CG algorithm.

Corollary 4.16. Let 2¥) be the k-th iterate of the CG algorithm with A and condg(A) the
condition number of A with respect to the 2-norm. Then we have

do(A) — 1\k
2® — 2,4 < 2(%) 12© — z,]|4. (4.9)

y/condg(A) +1

Proof. We have [z — z,]|4 < Min ge e x] MAXN AN, [G(A)] [2(®) — 2,]|4 and we use the
#(0)=1

fact that the min-max problem has an explicit solution given by the rescaled Chebyshev

polynomial 2

Ty, <7)‘1+k”_2)‘) cos (k: arccos (7)‘1;%”_2)‘) )

n_)\l —)\1
Xk?()\) - T /\n+)\1 = T )\n+/\1
E\ X=X P
Then
1
min 6] = ———.
peC [X] MEADA, Th(Am/\l)
$(0)= An=A1

2the Chebyshev polynomial of the first kind are defined by T} (cos(6)) = cos(k6), for 6 € [0, 7].
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Let k = i—’; = conds(A), then

/\n+A1_n+1_1<\/E71+\/E+1)
VeE+1  Ve—1/

M—M k-1 2
We invoke another property® of the Chebyshev polynomials T},

z+1 1
Tk( 5 x) zi(mk+x7k), Vx € R.

So we deduce

() =5 () + (CE)) 2 5 ()"

Thus we obtain

\/E—1>’{

min  max |¢()\)|§2(\/E+1

HECH [ X] M <A<AR
»(0)=1

Remark 4.17. For the steepest gradient algorithm, we had

condg(A) — 1\ %
28 1) 20

(k) _ < (conda(A) — 1
lzg = @lla < (condz(A) +1

Asymptotically, the convergence rate obtained for the CG algorithm is much better than the
one for the steepest gradient, but still sensitive to an ill-conditioned matriz A.
Remark 4.18. We have proved that for 0 < a < b, we have

(350 2 5 (% 7)

with Kk = g.

In the case where A has clustered eigenvalues 0 < A\; < -+ < Ay K A\p_pa1 < ..o, We
can improve the previous estimate by considering another relaxation of the min-max problem.
For k > ¢, we can choose ¢ € CF[X],¢(0) = 1 as ¢(\) = q(N)B(N), where ¢ is a polynomial
of degree at most k — £ with ¢(0) = 1, and ¢(\) = [T}, _,. (1 — /\%) i.e. the polynomial of
degree ¢ such that ¢(0) =1 and ¢(A\;) =0 for n — £+ 1 < i < n. Now using that |g(\)| <1
on [0, \,—¢+1], we have

min  max |[¢p(\;)| < max |¢(A\;)] _ min  max |p(N\;)]

$eCk[X] 1<i<n 1<i<n ;ﬁeick—é[x] 1<i<n—¢
#(0)=1 #(0)=1
< min max e
< min e (500
#(0)=1
k—4
/\K;e _
<2 S
1

by definition, the equation is true for 2 = €, thus it extends to any complex number.
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The corresponding convergence rate is then

k—¢
An—t

A1

.
v

l2® — 2.4 <2 12 — 2. (4.10)

As % > )‘31”3, the previous estimate is much better than (4.9). This explains the good

convergence properties of the CG algorithm in practice (see Figure 4.1).

*) ()
® M -a., %o
Upper bound for £ = 1 %
10_10 Upper bound for £ — 10 “..
Upper bound for £ — 20 l.
——— Upper bound for £ — 30 ()
Coo
®

\ L L s
0 20 40 60

Figure 4.1: CG convergence rate compared to various upper bounds (4.10)

4.2.4 Preconditioned conjugate gradient algorithm

It is often advised to use a preconditioner to solve Az, = b to reduce the number of iter-
ations of the solver. A good preconditioner M € C"*™ is an invertible matrix such that
condy(M~1A) < condz(A). Then solving M~'Az, = M~!b is significantly easier than the
original system. In our case, even if M is Hermitian, positive-definite, M 1A is in general
not Hermitian. It is necessary to adapt the CG algorithm in order to incorporate the pre-
conditioner. If we assume that M is Hermitian, positive-definite, we can write the Cholesky
decomposition of M = EE*, where F € C"*" is a lower triangular matrix with positive
entries. Instead of solving M ~1 Az, = M~1b, we can look at the symmetrised system

E'AE%,=E"' (4.11)

Note that we have x, = E~*Z,. For the preconditioned linear system (4.11), the CG algorithm
is the following (see Algorithm 4.4).

It is possible to simplify Algorithm 4.4 and get rid of the Cholesky matrices E and E*. To
do so, we are going to work with the variables () = E=*#(®) and r*) = E#*) and introduce
a new variable d, = E~*pj. Note that since 7#¥ = E~1p — E-1AE*®) we have that
r®) =b - AE7* 30 = b — Az¥).

We now reexpress the quantities appearing in the transformed CG algorithm 4.4 in the
variables z(®), 7(8) and dj:

o [FE2 = G0 500y — (B-1p0) B=10)y — (o) px p1p(R)) — (p(k), A=1p(0))
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Algorithm 4.4 Transformed conjugate-gradient algorithm
function TCG(A,b,20) g, E)
po=70 =F - E1AE 70 k=0
while ||7*)|| > g, do
k=k+1
_ [l7E 1)
Ok—1 = 15 ETTAE " pp 1)
20 =gV 4 a1y
i) = 7= — oy ETLAE P4

71l

k= Treall
P =% + wypr_1
end while

return E—*7*)
end function

o 7)) = z(h=1) Qp_1Pp—1 < z®) = g1 4 ar_ 1B pr_1 = 2* D 4o qdyy
o ik = =1 _ o EYAE 1 < r®) = 6D o JAE P = D —
ap—1Adyg_
o pr =R +wppp_q1 < dyp = EFR) 4 wpdy_; = Mr®) 4+ wpdy_q.
It is thus possible to rewrite Algorithm 4.4 without E or E*.

Algorithm 4.5 Preconditioned conjugate-gradient algorithm

function PCG(A, b,z 1, M)
0 =p— Az dy = M~1+O) k=0
while ||r®)]|| > g, do

k=k+1

i <T(k—1)’1\/j—1,’,(k—1)>
Hh—1 = (dp—1Adg_1)
{Z?(k) = $(k_1) + ak—ldk—l
r) = =1 gy Adg_q

— _® M)
W = (r(=1) pf—T7(k=1))

dp = MﬁlT(k) 4 wrdr_1
end while
return z(¥)
end function

Compared to the CG algorithm, we need an additional linear solve of the system My = r*)
at each step of the preconditioned CG algorithm. Usually M has a simple structure (i.e.
diagonal or block-diagonal) such that the linear solve is cheap compared to the total cost of
the preconditioned CG algorithm.
Remark 4.19. We can check that the iterates that are produced by the preconditioned CG
algorithm satisfy:

o (r®) are M~'-orthogonal, i.e. Yi # 4, (r®, M~1rU)) = 0;
e (dy) are A-orthogonal, i.e. Vi # j,(d;, Adj) = 0.
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4.2.5 Conjugate gradient algorithm in the XXI* century

The CG algorithm has become the reference method to solve linear problems with hermitian
positive-definite matrices, as it combines all the advantages of a numerical method. The
numerical convergence is fast, and is fully understood from a theoretical point of view. The
algorithm is numerically stable, and requires minimal memory. Finally it is straightforward
to use any preconditioner with CG.

4.3 GMRES

The generalised minimal residual (GMRES) algorithm is a popular iterative method to solve
the linear system Az, = b when A is invertible and non-Hermitian.

Contrary to the CG algorithm studied previously, GMRES does not have a short-term
recurrence. This stems from the fact that we do not have the simplification of the Arnoldi
algorithm for general matrices.

4.3.1 The mathematical characterisation and the minimisation problem
Recall that GMRES is mathematically characterised by
) = O 4 0 2B e (A, r(O)
{r(k) =b— Az® L AK,(A,r ),

or equivalently

Ir® = min [b— Az]|. (4.12)
2€x(O)+KCy, (A,r()
Let (v1,...,vx) be the Arnoldi vectors forming an orthonormal basis of Ky (A, () and satis-
fying
AVy, = Vk+1ﬂkk
o 7(0)
Bl
with
hi1 ... hik
Vk = [vly"'vvk]a and ﬂkk = S C(k+1)><k.
Pi -1 Dk
Ptk

A vector z € (O + le(A,r(O)) can be expressed as z = z(®) + V¢, for some t;, € CF. The
minimisation problem (4.12) becomes

[7®]| = min [|r® — AVit ||
t,€Ck

min |7 Viyier — Vir Hpgtrll
tr€Ck

min |[Viyr (|7 ler — Hygtn)|
eCk

min ||||T(O)H€1 — Hytil|s (4.13)
t, €Ck
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where we have used that Vi1 has orthonormal columns. The last equation is a mean square
minimisation problem. The standard way to solve such a problem is to write the so-called QR
factorisation of Hy,,.

4.3.2 The QR factorisation

Theorem 4.20. Let H € C™*"™. Then there exist Q € C™*™ unitary (i.e. Q*Q = QQ* =
idy, ) and R € C™ "™ upper-triangular such that H = QR. Such a factorisation is called a QR
factorisation of H.

Proof. The theorem is proved by induction on the dimension n.

For n =1, H € C"™*!, so we can pick Q = [ﬁ Q"] where Q* has columns which are

an orthonormal basis of {H}*. Then H = Q ['ISH}

Suppose that for any G € C™*™ we can write its QR factorisation and let H € C™*(+1),
Write H = [Hy o], with H; € C™*™ and v € C™. By the induction hypothesis, we have
H; = Q1 R; where Q1 € C"™*™ is unitary and Ry € C™*" is upper-triangular. Let

Wn+1
w=QiveC”, and wpirm=| : | =Q2Ry,
W
. — . id, O
where wy 1., = Q2R2 is a QR factorisation of wy,41.,. Then setting Q = @1 0 0 and
2
R= {Rl wlm} , we check that
R
(Rl)lzn W1:n W1:n
QR = [ 0 OsR, Q1R . (@R Qiw]
O

In general, the QR factorisation of a matrix H is not unique. We are going to give a few
properties of the QR factorisation.

Proposition 4.21. Let H € C™*"™ be a full-rank matriz and H = QR a QR factorisation
of H. Denote by (h1,...,hy) (resp. (q1,...,qm)) the columns of H (resp. of Q). Then for
1 <k <n, we have

Span(hla ceey hk) = Span(qh s aqk)7 and Ty 7é 0.

Moreover if Q = [Ql QQ] L Q1 €T gnd Qy € C™(M=1) gnd R = ﬁ?} with Ry € C™*™,
then H = QlRl.

Proof. For the first part of the statement, we simply compare the columns of H and QR. For
all 1 < k < n, we have hy = Zle qiTik, thus we have Span(hy,...,ht) C Span(qi,...,qx)
but (hi,...,hg) is a free family since H is full-rank. Hence we have Span(hi,..., hg) =
Span(qi, ..., qx). If rg = 0, this would mean that hy € Span(qi,...,qx—1) = Span(hy, ..., hg_1)
which is in contradiction with H being full-rank.
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}81] , and
H = Q1 R; follows. [

The last statement is a consequence of R being upper-triangular. We have R = [

The last identity is called the thin QR decomposition of H and under the assumption
that H is full-rank, we can show that there is a unique characterisation of the thin QR
decomposition.

Theorem 4.22. Let H € C™*™ be a full-rank matriz. Then there exists a unique Q1 € C™*"
with orthonormal columns and Ry € C™*™ upper triangular with positive real entries on the
diagonal such that H = Q1R;.

Proof. The existence of @)1 and R; is guaranteed by the proposition above. For the uniqueness,
we compute H*H = RiQ]Q1R; = R{R;. This is the Cholesky decomposition of H*H which
is unique. @ is then given by Q1 = HRl_l. 0

Remark 4.23. For the QR factorisation, R has the same shape as H but for the thin QR
factorisation, it is QQ which has the same shape as H. The full QR factorisation is rarely
needed in practice, as it contains redundant information on the matriz H.

4.3.3 The GMRES algorithm

We are now solving the minimisation (4.13) by using a QR factorisation of Hy; = QpRy,
Qp € Ch+HDx(E+D) and Ry, € CHHDXE In this case, Equation (4.13) becomes

min [[[[r?ler — Hygtill = min |7 er — QxRytyll = min [[[[r”Qfer — Ryt
tkE(Ck tke(Ck tkE(Ck

Ry, is upper triangular, so we have R, = []?)k} and denoting Hr(0)||Q};el = L’ J with
gr € CF 441 € C, we see that tj, € CF solves Ektk = gi. Moreover we have

Ir®) = nin, 17 @ller = Hygtrll = e l- (4.14)
It remains to implement efficiently a QR factorisation of H,;. To this end, we are going to

use the fact that Hj, is an upper-Hessenberg matrix and that we can do a simple update of
the QR factorisation of Hy_; ;_;. Indeed we have

H,y = {Hkl,kl h®) ] _ {leRkl hk)
= 0 Piet1 ke 0 hi1k]’

where hy41, € R (see Proposition 4.8) and h*) e Ck. Consider Qj, defined by

Qr = [Q’B‘l ﬂ O, (4.15)

where ), € CETDx(k+1) i5 some unitary matrix fixed later. Then we have

Ry Q;;_1h(k)}

0 Qi = 9 | M1 G
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We simply need Qj to cancel the (k+1, k) entry of the above matrix. Let hk) = Q,”;_lh(k) € CF,
and let

idp—1
QO = P (4.16)
—Sk  Ck,
with .
= U ) , and s = LESE . (4.17)

% %
|h,(€ 12+ hiik |h/(€ 2+ i1k

By a matrix multiplication, we can check that R = Q;Q} Hy,, is upper triangular, and Ry, is
given by

Gy
Re= | Tt T e gtk (4.18)
0 0

We are now in position to write the GMRES algorithm 4.6.

Algorithm 4.6 GMRES

function GMRES(A, b, (9, g(,))
r0 =p— Az k=0
while ||r®)|| > gy do
k=k+1
Compute vy, of the Arnoldi algorithm 4.1 for A with v = (0
Update Qj, according to Eq. (4.15), (4.16) and (4.17)

Compute { 9k } = HT(O)HQ}ZQ
Vk+1

Set [|r®| = |yg41]
end while

Compute t;, = E;lgk, where Ry, = [%’“] and Ry given by Eq. (4.18)

return (9 + Vit
end function

Note that in GMRES, only the last approximation z(*) to the solution z, to the linear
equation is computed. Indeed, at each iteration, we just need to estimate the residual which
is given by Equation (4.14). Concerning the cost of GMRES, at each step, one step of Arnoldi
algorithm has to be performed, which costs one matrix-vector multiplication, and k scalar
products. The matrix @ needs to be updated, but this cost is negligeable. However, in terms
of storage cost, all the Arnoldi vectors (v1,...,v) have to be kept for each iteration. This is a
serious limitation to the algorithm and in practice, a full GMRES by keeping all the Arnoldi
vectors is not advisable, especially if the convergence is slow.

4.3.4 Restarted GMRES

The idea is to limit the number of Arnoldi vectors to K and restart a GMRES run from the
latest GMRES iteration.
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Algorithm 4.7 Restarted GMRES(K)
function GMRES(A, b, (9, e, K)
r© =p— Az©
while ||| > £, do
Compute (vy,...,vx) the Arnoldi vectors of Algorithm 4.1 for A with v = 7(©)
Update Qg according to Eq. (4.15),(4.16) and (4.17)

9K 0 *
Compute = {|r(© e
pute | 9% | = 10 Qies

Set [|[r@) = |yg41l

Compute txg = E;(lg;(, where Ry = {ROK] and Ry given by Eq. (4.18)

20 = 20 4 Vietye
end while
return z(©)
end function

The storage cost of the restarted GMRES scales as the number of Arnoldi vectors stored
at each step of the algorithm. Note that contrary to GMRES, we have no guarantee that
the algorithm converges after a finite number of iterations, although the residuals are still
nonincreasing, due to the mathematical characterisation of GMRES (4.3).

Remark 4.24. Let A € C™*"™ be given by

0 0 g
| AR
A= , (4.19)
' 0 Qp—2
1 ap

where (o, . .., an—1) € C". The characteristic polynomial of A is given by P(\) = det(Aid —A) =
A — Z;é ap\¥, thus the coefficients can be chosen to have any eigenvalue distribution. Then
for any b € C", the restarted GMRES with (0 = AY(b — e1) does not converge, except if
K =n. In fact, the residual is constant r*) = (O for k < n — 1. This shows that there is
no hope to give an accurate characterisation of the convergence of GMRES solely based on the
spectrum of the matriz.

In practice, it is customary to take K = 20 and in general, a larger K improves the
convergence of the restarted GMRES algorithm.

Remark 4.25. The latter comment is a general advice but counterexamples exist to this rule of

111 2 0
thumb. Let A= [0 1 3| andb= |—4|, then for z(© = 0|, restarted GMRES converges
0 0 1 1 0

after three steps for K =1 but does not converge for K = 2.
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4.3.5 Convergence of GMRES

Convergence results on GMRES are less powerful than for the CG algorithm. An attempt
consists in following the same steps as in the convergence estimate of the CG algorithm:

Ir® = min [b— Az||
2€x(0) 4K, (A,r(0))

= min ||T(O) — Az
ZeKy, (A,T’(O))

= min_|lg(A)r].
¢eCF[X]
#(0)=1
Since A is no longer Hermitian, we have to resort to another decomposition of the matrix
A, namely the Jordan decomposition which is recalled in the next proposition.

Proposition 4.26. Let A € C™" and (A1,..., ;) be the distinct eigenvalues of A. For

Ao 1
1<, let Jy, = R € C™*™ be the Jordan blocks, where Y, ng = n.
. 1
)\g_
Then there exists Y € C*™ invertible such that
_J,\l
A=Y . y—L (4.20)
L J)‘T‘

This is the Jordan decomposition of A and if the columns of Y are of norm 1, it is unique up
to the permutations of the Jordan blocks and rotations in the Jordan blocks.

Using the Jordan decomposition of A, we have

(b(‘])\l)
||7”(k)|| = min HY Y—lr(O)H
peCh[X]
#(0)=1 o(Jx,)
< 1)]1.(0)
YY1 m,lg[l o8 [6(Ix,)I-
#(0)=1
I
Proposition 4.27. Let A =Y Y1 be a Jordan decomposition of A, and
I

T

) be the k-th residual of the GMRES algorithm 4.6. Then

® < 1y iy = J
S 1< Y= ) jin gmax [0l
#(0)=1
If Y isill-conditioned, the bound given is meaningless. Consider the matrix A = tridiag(—a, v, —é) €
R™ " with « € R,a > 1. The eigenvalues of A are « — 2cos( ) for 1 < j < n and the
associated eigenvectors are y; = ”g T for 1 < j < n where (z;) is some orthonormal basis of

R” and D = diag(a,...,a"). The conditioning of Y then scales as o, but ||r®)]|| < ||r©)]].
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4.3.6 Beyond GMRES?

The bottleneck of GMRES is the Arnoldi algorithm and in particular, the absence of a short
recurrence in the Arnoldi algorithm for a general matrix A.

A natural question to ask is whether the Arnoldi algorithm is a good starting point to
derive a short-term iterative linear solver. In other words, for a given matrix A, is there an
(s + 1)-term recurrence of the form

o) = D) 4 1p<k—1>

4.21
p*) = ApE=b) Zﬂk 1o @)

with (9 € C" and p© = r(© = p — Az which stops after m < n iterations at the exact

solution z, to Az, = b, for a well-chosen set of coefficients (o )o<k<m—1 and (Br—1j)o<k<m—17
0<j<s-2

By Eq. (4.21), the error ¢, = z®) — z, satisfies e, = e_1 +ap_1p* Y. Hence by iteration,
ex € eg+ Span(p(o), . ,p(kfl)).

The error e is thus minimised when e, L Span(p©®,...,p#=1), thus (e, p)) = 0 for all
0 < j <k —1. This gives in particular for j =k — 1

_ <p(k_1)aek—1>
T D pD)

and for 0 < j < k — 2, we have
= (pU), ex) = (W), ep_1) + ap_1 (pP, p*=VY = aj_1 (pi9), p—1)),

This means that if a;_1 # 0, <p(j),p(k_1)> = 0, thus the coefficients (8x—1,j)o<k<m—1 have to
0<j<s—2
be set to )
<p(k_1_7) Ap(k_1)>
Br—-1, =
(ptk=1=35) plk=1=5))"

This motivates to restrict the search of a short—term iterative linear solver to the following
class of sequences.

Definition 4.28. The sequences (x®)), (p*)) defined by Equation (4.21) such that for any
b e C", there is m < n such that 2™ solves Ax(™ = b and (p\9), p(¥ )> 0for0<j#k<m
are called an (s + 1)-term CG method.

We have a characterisation of the class of matrices which have an (s+1)-term CG method.

Theorem 4.29 (Faber, Manteuffel (1984)). An (s+1)-term CG method exists for the matriz
A if and only if either

1. the minimal polynomial of A has degree less than s;
2. A* is a polynomial of degree less than s — 2 in A.

Notice that for s + 1 = 3 and assuming additionally that A is Hermitian positive-definite,
the CG algorithm 4.3 is a solution to the Faber-Manteuffel theorem.
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Proof. We are only going to prove the converse, as the proof of the implication is quite involved.

First, assume that the minimal polynomial of A has degree less than s. Let (z(*®)), (p(*))
be the sequences defined by Eq. (4.21). By induction, we see that for all 1 < k < s,
(p©, ..., p=1) is a basis of Span(r(®, Ar©® . A1) By induction, we also have that
z®) = 20 4 Z?;é ajp(j), thus we can choose (oj)o<j<s—1 and (B j)o<k<s—1 such that

0<j<s—2
b — Az®)|| = min 7@ — Az
2(k)€Span(p() ... p(k—1))

p® 1 Span(p(k*‘“rl)7 . ,p(kfl)).
In particular for k = s, we have that

b A2 = I - 42)
)

min
2()eSpan(p®) ... pls—1)
= i o) _ (0)
= scloix] 719 — p(A)r |
= i A
in [6(4)r |
¢(0)=1

Choosing ¢ as the minimal polynomial such that ¢(0) = 1 shows that Az(*) =b.

Now assume that A* is a polynomial of degree less than s — 2 of A. We will first prove by
induction that if (p(]))ogjgk are orthogonal vectors, then (p(]))0§j§k+l are also orthogonal.
For the initialisation, we know that for £ < s — 1, choosing (81 ;)o<j<s—2 such that

(p), A1)
P = 1), ph=1-7))

ensures that (p(, pl)) =0 for 0 <i#j<s—1.
For the induction step, let us assume that (p(j))ogjgk are orthogonal vectors. We already
know that by setting (B j)o<j<s—2 such that

(p*=2), 4pM)
= )

we have that p*k*1) | Span(p(k*S”), . ,p(k)). For i <k — s+ 1, we have from Eq. (4.21)

s—2
(p, pFHy = (p@, Ap*)) =N~ By (p@, p* D).
=0

By the induction assumption, (p@, p*=7)y = 0 for 0 < j < s — 2. Now (p, Apk)) =
(A*p® p*)y " By assumption, A* = g,_2(A) for some polynomial gs_» € C*"2[X]. Thus
A*p®) = qS_Q(A)p(i) € Span(p(i), e 710(““*2)). But i+s—2 < k—1, thus using the induction
assumption (gs_o(A)p®,p*)) = 0. This shows that (p(?), pk+1)) = 0.

Notice that Span(p(®),...,p*)) c Span(r(®, ..., A*+(©) but by orthogonality of the vec-
tors (p©@, ..., p®), we deduce that Span(p(®,...,p®*)) = Span(r@, ... A*r©). Since z*) =
20 4 Zf:_ol a;p¥, by selecting a; = —(p(i), 2z — Z4), we have that (x(k)) converges to T, in
at most n steps. This finishes the proof. O
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The Faber-Manteuffel theorem essentially states that for a general matrix A, there is no
equivalent to the conjugate-gradient algorithm solely based on the Krylov space K (A, r(O)).
This means that we need to look for another construction to define a short-term recurrence
for the iterative method.

Going back to the essence of the conjugate-gradient and GMRES methods, it is reason-
able to look for alternatives to the Arnoldi/Lanczos algorithms that would give a short-term
recurrence for any matrix.

One way to achieve such a short recurrence is to relax the orthogonality constraint on
the Arnoldi vectors (vy,...,v;) while remaining a basis of Kr(A,v). The new constraint is
to build a family of vectors (wq, ..., wy) which is a basis of Kp(A*, w) and also a dual family
to (vi,...,vx), t.e. V1 < i, < k,(w;,v;) = ;. This gives the non-Hermitian Lanczos
algorithm 4.8.

Algorithm 4.8 Non-Hermitian Lanczos algorithm

function NONHERMITIANLANCZOS(A, v, w, k)
vo=wo =0,/ =06=0

V1= R WS Ty
for j=1,....kdo
v = (wj, Avj)

Uj+1 = Avj —yjv; — Bjvja
Wj1 = AMwj —yjwj = Gjwj—
i1 = [T
if (5]‘+1 =0 then
Stop
end if
Bir1 = (Uj+1, Wj41)
if 6j+1 =0 then
Stop
end if
o = 2
end for
return (vi,...,vx), (wi,..., wk)
end function

For the non-Hermitian Lanczos vectors, we have the following properties.

Proposition 4.30. If there is no breakdown in Algorithm 4.8, i.e. for all1l < j < k—1
Vjp1 # 0,Wj41 # 0, Bj41 # 0, then we have

AVjy = ViTy, + Sps1vks16h,
AWy, = WiT + Brp1wpirer
WAV, = Ty,
WiV = idy,

(4.22)



62 CHAPTER 4. KRYLOV SUBSPACE METHODS

M B2
52 -
wherer:[Ul vk],Wk:[wl wk] and Ty, = .
Br
Ok Yk
It is possible to derive an iterative method as a projection process, using the non-Hermitian
Lanczos to define a basis for the Krylov subspace. This yields the biconjugate gradient method
(BiCG) which by construction enjoys a short recurrence but does not preserve the relations
between the search space and the constraint space for the residuals. The non-Hermitian
Lanczos algorithm has two types of breakdowns:

e when U411 = 0 or W41 = 0: this is related to a stagnation of the corresponding subspace,
which means that we have reached convergence in the projection process;

e when V41 # 0,Wj41 # 0 but (Uj41,wj41) = 0: this is called a serious breakdown
as we do not have a stable Krylov subspace under A, and so we do not have reached
convergence in the iterative algorithm. This can happen for well-conditioned matrices
which indicate that it can happen generically.

5 1 -1 0.6 0.6
Remark 4.31. Let A= |-5 0 1 |,vy=|[-14]| andw; = | 0.3 |. The eigenvalues of
1 0 1 0.3 —0.1
1.5 1.8
A are 1,2 and 3 and vy = % —2.5], we = % 0.6 |. The vectors vy and we are orthogonal
1.5 -0.8

although the matriz A is well-conditioned.

4.3.7 GMRES in the XXI* century

GMRES has become the method of choice for solving nonhermitian linear problems. However,
compared to CG, GMRES suffer from some drawbacks:

e theoretically, there is no fully satisfying explanation of the convergence behaviour of
GMRES as the upper bounds are often much more pessimistic than what is actually
observed;

e in practice, one would often use restarted GMRES (or one of its variants), but again,
the behaviour of the algorithm with respect to the restart parameter is rather unclear.

Excellent references on that topic are the monograph [LS12] or the book by Y. Saad [Saa03].



