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Quantum FaurierTransform
I-Discrete Fourier transform
We

give
a refresher an

the disoutr Furrier transform (PFT

Pef : for N-N *, Fo defined by

Voxjn , (Fiel=Lir where
Remark : the DFT in the canonical banis is thematrix

T ....
I wao2- wa-l ] where w =

e
Fo=www
·#

*

Fijijifi

=> Fr is an isnuetry-
· for xtK* , Frm can be performed in OINlN

multiplications (better than OCN of a maivr

matrix-octor multiplication) .

#-Rewinder ou quantum computing
= quarter computer stores a state 14)-

where 143 is normalized (i
- e . 141= 1) ·

· computational bavis-canonical basis ofD



= Sei -- Dein ,
in t 50 . 13

-
= lin--in?.

· 142 inthe computational basis : 14) =Eciiliin
with I kirk = 1 .

-> motation ; bywriting jeto,
2 in biorgi we can write

14 =ESjjs colored Cip-in for j2
* measurement !

· 14) "collapes" on the computational basis i . e.

-
M14 = lin-in> with probability /Cip-inreasurement

operator tial measuremust :

suppose 143
= clo @1 +411)

a
· par

where 10)
.1*, then the partial measurement

over the first cify ofIt is the operator
Mc 14) = Glove

with probability Kol
III - I

,
12.

↑ "computation" on a prontum computer
= unitary transformative U (to presour

the

corr)
· particular transformations

:

* 1-qlit gates i .
e . acting an
i

-> example : Pauli jates X
,Y,

7

Hadaward H= [ 11]
please S

:

* 2-glit gates : acting
an
Do=

"

-> examples :

CNOT P CO=
SWAp

= ]



* circuit : Igbit orbitfateca bapplied
by acting an

Mathematically , if H is applied on the R-th copy
them

the operation an is Fr H Fur-i
- 2-

identity on a identity
on

This operation
can be represented in a ciruit (here

9
92 directio of the

measurementofa
a

93 gates execution
C

Example : 10) -TH
147-

* outcome :

10 --9 El M

142 #

↓14 -110 U14)
↓ (100(14) + U14))

+ 110(14)-VI

- If U142 = 2

:
014)

,

then we get the state 110142

with probability / (1-c:0)" = sin
-D supfore

we hour O-0 and we want toutimate 0:

then O = I archin .
There using

the empiric estira

herempleshaaPete
III- Quantum Fourier transform
We define the QFT on a quantum state o the unitary trans-

for ration applying
theDFT on

the cofficients of 141 in

its computational basis.



Definition (QFT)
The QFT is the unitarytransformative se he that for any

zu

se
Remark : for 10 ,

then QFTud=i
= (H-tloy ,

Towards an implementation of the QFT

O

Let j = jn-2-- + jo2 ,the
thus

&j = Em2k
= Rus (202 ju- + - + jit )

+ Rez(24-3jn- + -- + jz + 2+
↓ Ro(++)

Here after exponentitie :

exp)(ii) = exp(inten+ + Em( + 2) +

Injecting in the expression of QFTth

This



--- exp)2in Ruz(E + 1) exp(zinkn-1)
Using that IRL

= 180--RrD = 19 er-.-i
,

IR>

we hour :

QFTzis=expre
①. exp(2in Ruz( +) Rach

① exp(2 in Rul (1)) 18n- 1 -

=exi
& -- @f(0 + explic (ji + 1))(t))0(10) + explici ·(1)

.

Force : (10) + etj(k) : + j0) = 0 + + (10) + eijo(k) = y(a+1)
V

· (jd = 1
= (10 +e) = (0 - 11)

=> + (10) + einjok) = H1jo) ·
V

For m=2: (10) +eij+ (1)
Ija 10 +

eith +)
/n

E

ICarsponding
/jo10 +en Hljoe

K

For jueralu :

Ijo
jil : ↑ · ↑ -I. -E
192-1-el-ED



-> number of gates :

m Hadaward + Mrz) + In-3) +.. + 1) controlled gates
-

= (2-1)
+ESWAP = 0(u gates

2

This mean that the complexity of the QFT is of order O(HogN).
Remark ; the same contraction holds by substituing" by any

other

2"-th root of the unity .
For-I

, the circuit simple fin to #0 - -H
·

# - Quantum phase estimation

Assumption : let U143 = e2014) with O = En for Reto
,
2 D

.

Curside the cirmit 14
losom--

147
21

where U = [ljxj U:
j= 0 21

One can cluck that
*
U = (ojjou (irre ur

2= 0

= [ljjkR/ (21 ye
jejr

Thus U is indeed mistary
.

-EjjIm = InoIm
.

Now welave
21

=/jjuj
j= 0

-> fr ~ = 1 : U = Ijojogujo = 10 I + In0U

= Control - U .

-> for u= 2 : H = /jo) <joldji<j , 10 (050(2ji)
⑨

2

-



The transformation It can be efficiently represented using controlled
gates :

1jo] ⑨

j
· - gatr = u controlled

gates .

/ju-1
147 -L ...

Thus the output of the cr it is given by :

loo
12LQ147 :

jy
2- 1 = en

=[ ezine (j) @ 14)
j =0

This means that the measure is deterministic and we need a single
measurement to retrieve the value Rand the=

Cost of the regeevalue
retimatic : 0 (mt = 0 (logN gotes.

Limitations :

* Or then instead of leaving a Dirac at R
, r
be

a
distribution of values entred at R

* if 14) is notor extent unction :

21

suppor
that 14)=Hi colercUj) = eLijits .

Suppor that Oj = Zin , Ejto ,2
with OOt--Br

by linearity :

221

QPE(10814))=j
- we have the loust jen value 2 with probability (cot?



I-HHL algorithm
The joal of the HHL algorithm in toal be a

linear syste Ax= b.

where A is Herritian . z I

The idea is todecampe
A in its eijen

value decompositivin
2 - 1

and b=[Bili

Asswybin :

i) EpiR = 1 (i
. e . 162 is a quarter-tate)

T = 0 table an a bits.

(ii) O <-· [Hare exactly represe prescribed

Pitlobi
10]

VCR
·ppraxis

lad of dj
QPE QUE

Ib>

EBjdjoj
&Pill

Ifthe lotbitmeasured in1
,
then we ha the statea

2 1

a 190dx
:/as

I wa will
=

Ill

We thus obtain x
up

to a normalisation constant
.

This countant

that the probability to get 11)can be retrieved bywobicifz
in the 15t quit is equal toE =Cla :Pl

Thus x = p(z)).



Implementation of Var :

Var is defined as ! Verde0 = (as(at) 10) + sint(1)) 010)

where O = 0. 0: -Of in binary .

-> Vor is implementable by
10)

10
,
3 Ryl)-R

... Ryl

lo)
102

i

i
lod> ⑨

as contro 10 +rid() =

[
Back to HHL : forHL ,

we
need intro - for all j =0...

Oj = arctom()
->D this means that Co = mindj

j12
Rumarh : the computation of the angles in only approximate as SjandO; are

represented and-bits.
Remark : as p(1k) =Call we wantho pick C-do (i - e .

the

This means
that p(11)) = Joll = dA"bl = 01 agepanilea

-D If condrAL 1 ,
there p(a)) to very

small

This issue can be alleviated
using

the amplitude emplification as

we
have Uploa = 11)*good)+

10)@Hed



-Period search problem
① Sinson's problem
In this problem ,

ur hour an
rach (i

. c - a freecticu) f : [0, 13+ 50, 13

such that 70 ESB" : Ex
y f(x) = fly) ( y = x -

The periods is unknown and
() y = xi; Vizizu

.

Y

we would like to design an abgoithum ab = atb mod2.

to find the periods . [Note : there is only a

poir (x
,y)0 . t . f(x) = fly)

-> the function is different than in the as x = Ess =

yA]

Ductoch-Josja algorithm ,
as the output of the pactin

in DJ is in 50, 1.

We spare
that we

hour a quantum gate actif an

Up (1) hot) = 1xlwflak
We clack that Up = UfUF' : Ufinl
thas Up is indeed a unitary transformation

.

Classical cost : 012(2) to determine a.

Quantum cast : 0(m) It exponential advantage]

prof : circuit # (x) + 1*>@Iflnk -

Hor -oly) :

yestlocom- 45--

uf fllosom
2- 1

↓Iom

Tuft2al
x=0

By a direct calculation :

↓ Homm + Hou(H)+HYE I



= 210t(it)12 .

= O if sitai
=

We mesure nth samples of the first register ,
or bler obtain

(+h) actory y ...., Yere
:

-> with probability (I-te , Le , Yetr) generates st
thus we can solve

yes
= o-

S #

Yetros
= 0

② Ander finding
In the order finding problem ,

we har two numbers a
,
Not.

a and N are coprime (i . e .

their comman atest divisor in 1).gre
and we want to find the smallest into

gre
r>0 .. t .

at = 1 modd .

Remarks : If we
hour such an algorithm ,

where a is ever
,

then wr

can deduce efficiently a prince factor of N.

that H = Br
,

REIN and that we can define a AFTR

Wesuffopoplinywith OlloM gar
a

Let Ja : To,
M-D- to ,

N-1D and Upa a unitary onOK
- a [N]

~t . Upd = Inmed

Circuit : 100M lafin-
loson QFTM--Ufa-tarlawron

&= 0Milano-
atter =at urd Noxt(r

M-1 /Nowbyhrzwilya



= we
-> la mesure deIbit permet (E) yr = 0

de determine y = for 0 1 Ir- wodM
.

-> If O
,

then with

high probabby artifaaebus

M

we barrr
↑
I care at the begin wing


